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Abstract

This paper develops a continuous-time model of asset pricing for
a global economy with two countries and complete asset markets. In
this framework, the stochastic discount factor used to price assets will
depend on the currency in which assets�returns are denominated. Us-
ing standard continuous-time asset pricing theory, the paper develops
the market price of risk equations for domestic and foreign assets de-
nominated in the domestic currency, with currency risk as one of the
risk factors driving asset returns, and demonstrates that this risk fac-
tor can be represented by the return on the carry trade. A companion
paper provides strong empirical evidence for the relevance of the carry
trade return as an additional risk factor for U.S. stock returns.

1 Introduction

In this paper, I study the relationship between asset prices and the ex-
change rate. To study this relationship, I use the tools developed in modern
continuous-time asset pricing theory and present them in a framework that
is familiar to economists. Standard asset pricing theory is built on the as-
sumption that there are no arbitrage opportunities. If the market is complete
and all arbitrage opportunities have been eliminated, there exists a unique
risk-neutral probability measure that prices all assets. Expressed in terms of
the stochastic discount factor, if arbitrage opportunities are eliminated and
markets are complete, there exists a unique stochastic discount factor.
In this paper, I present a model with two countries, domestic and foreign,

each with a risky asset and a risk-free bank-account process paying o¤ in the
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currency of that country. The key ingredient of the model is the stochastic
exchange rate that links the two currencies. Asset pricing theory requires
that we denominate all assets in a common unit of account, usually the risk-
free asset. The unit of account in which assets are denominated is called
the numéraire. If the market is complete and all arbitrage opportunities
have been eliminated, there exists a unique stochastic discount factor for
the �nancial market. Having two countries leads to two di¤erent choices of
numéraire. Therefore, there are two di¤erent perspectives from which we can
analyze the market. For speci�c I will refer to the two countries as U.S. and
Europe.
To make asset prices comparable, American investors use the prevailing

exchange rate to express in dollars all European assets that are denominated
in Euros. This value substitution adds uncertainty to the payo¤s of Euro-
pean assets for American investors, the source of which is currency risk. For
American investors, there is only one risk-free asset and consequently, one
obvious choice for numéraire, the domestic bank account process. Symmet-
rically for the European investor uses the European bank account process as
numéraire, all American assets are risky. As described by Shreve (2004) and
Björk (1998), changing the numéraire changes the risk-neutral probability
measure or, equivalently, changes the stochastic discount factor.
In this paper asset prices and the exchange rate are modeled as geometric

Brownian motions driven by three factors: one factor for the domestic assets,
one factor for the foreign assets, and one factor for the exchange rate. When
applying the change of numéraire technique to change from the domestic to
the foreign stochastic discount factors, a relationship between the stochastic
discount factors emerges. The exchange rate is equal to the ratio of the
stochastic discount factors. Backus, Foresi, and Telmer (2001) derived this
relationship in a discrete time model with complete markets. For them, as
in my model, the stochastic discount factors are di¤erent because they price
assets denominated in di¤erent currencies. Brandt, Cochrane, and Santa-
Clara (2006) also acknowledged this relationship between the exchange rate
and the stochastic discount factors. However, they identify the domestic
or foreign stochastic discount factors with marginal utility growth of the
domestic or foreign economies. Consequently, they interpret the di¤erence
of stochastic discount factors as evidence of imperfect risk sharing. In the
model presented here, di¤erent stochastic discount factors arise from di¤erent
choices of numéraire.
The continuous-time framework allows drawing clear relationships be-
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tween interest rates, asset prices, and the exchange rate. Uncovered interest-
rate parity (UIP ) postulates that expected changes in the exchange-rate
exactly o¤set interest rate di¤erentials. According to UIP , the currency
from countries with high interest rates should depreciate relative to coun-
tries with low interest rates. However, it has been widely recognized that
currencies from countries with high interest rates tend to appreciate. This
phenomenon is known in the literature as the forward premium puzzle. In
my framework, an exchange-rate risk premium emerges to explain depar-
tures from uncovered interest-rate parity. Brandt and Santa-Clara (2002)
presented a continuous-time model of incomplete markets and also derived
the foreign exchange rate risk premium. However, in my model, with com-
plete markets, the risk premium has a clearer interpretation; it re�ects the
relative volatility and the correlation of the stochastic discount factors. It
suggests that a positive risk premium can be generated to solve the puzzle by
having a domestic stochastic discount factor that is more volatile than the
foreign stochastic discount factor or by having a low correlation between the
stochastic discount factors. I also show that returns of an asset expressed
in di¤erent currencies are also bound by the foreign exchange risk premium.
The risk premium compensates the domestic investor for all investments that
are exposed to exchange-rate risk.
I present conclusions about the exchange-rate risk premium and the rel-

evance of exchange-rate risk as a factor in price assets, in terms of the sto-
chastic discount factors. In the last section of the paper, I present a simple
pair-wise estimation of the stochastic discount factors for assets denominated
in domestic and foreign currency. The results suggest that foreign exchange
risk is a relevant factor to price assets. This risk is best captured by invest-
ments in the bank-account processes. In a companion paper, I provide strong
empirical evidence of the relevance of exchange-rate risk as an additional fac-
tor for U.S. stock returns. In that paper, the return on a portfolio long in
currencies with high interest rates and short in currencies in low interest
rates, a carry trade, is added to the Fama and French three-factor model for
stock returns. The empirical �ndings indicate that the carry trade return
helps price U.S. stock returns.
The rest of this paper is organized as follows: In section 2, I present

the theoretical model and its main results. In section 3, I study exchange
rate risk. In section 4, I present the empirical results for the pair wise study.
Section 5 concludes.
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2 Model

There are two countries with their own collections of assets and a stochastic
exchange rate that links the two currencies. Financial markets are integrated
and can be considered either from the perspective of the domestic investor or
from the perspective of the foreign investor. To make asset prices compara-
ble, investors chose a numéraire and express all assets in a common currency.
To build the model, I derive the market price of risk equations and solve for
the unique stochastic discount factor (SDF ), given the choice of numéraire.
Finally, I show that the domestic and foreign SDF s are linked by the nominal
exchange rate.

2.1 Set up

Consider a model in which asset prices in the world economy are driven by
a D�dimensional Brownian motion W =

�
W 1;W 2; :::;WD

�
on a �ltered

probability space (
;F ;F;P) where F =(Ft)t�0 is the �ltration generated by
W . There are two countries in this economy: domestic and foreign. Each
country has its own currency, and assets in each country are denominated in
the local currency. There is a nominal exchange rate Q that links the two
currencies. Q is itself a stochastic process adapted to the �ltered probability
space (
;F ;F;P). Assume further that investors can invest freely in any
country, there are no arbitrage opportunities, and markets are complete.
There will beM+N assets in the global economy whereM is the number

of domestic assets andN the number of foreign assets. Sdmt refers to the price
at time t of the mth domestic asset with m = [1; 2; :::;M ] : Sfnt refers to the
price at time t of the nth foreign asset with n = [1; 2; ::::; N ]. Subscripts will
be used throughout the paper to denote time and superscripts to distinguish
assets and countries.
Asset price processes will be modeled as multidimensional geometric Brown-

ian motions, an assumption that is consistent with the limited liability of
assets because these processes are guaranteed to be non-negative. Earlier
applications of geometric Brownian motions to model asset prices go back
to the pioneering work of Merton in continuous-time �nance in the late 600s
and early 700s and the revolutionary option-pricing formula of Black and Sc-
holes (1972). This paper adopts a generalization of the Black and Scholes
model, in which asset prices are driven by a one-dimensional Brownian mo-
tion to a multidimensional framework. The multidimensional assumption is
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important in the model because I want to distinguish di¤erent sources of risk.
The components of the D�dimensional Brownian motion W will be called
the underlying risk factors.
The nominal stochastic price process for themth domestic asset expressed

in di¤erential form is given by

dSdmt = Sdmt

"
�dmt dt+

DX
j=1

�dmjt dW j
t

#
(1)

the parameter �dmt ; called the drift, can be interpreted as the instantaneous
rate of return of themth domestic asset; the parameter �dmjt is interpreted as
the instantaneous covariance of the mth domestic asset with the underlying
risk factor j: These parameters, which may vary over time, are assumed to be
adapted to the �ltration generated by theD�dimension Brownian motionW .
Although equation (1) is driven by a D�dimensional Brownian motion, we
can interpret equation (1) as a one-dimensional geometric Brownian motion.
Let

dWdm
t =

DX
j=1

�dmjt

�dmt
dW j

t

where �
�dmt

�2
=

DX
j=1

�
�dmjt

�2
By Levy�s theorem, Wdm

t is a one-dimensional Brownian motion. We
regard Wdm

t as the risk factor driving the mth domestic asset, a linear com-
bination of the underlying risk factors W j: The parameters �dmjs =�dms can
be interpreted as the weight of the underlying risk factor W j on the one-
dimensional risk factor Wdm

t . Consequently, we can rewrite the stochastic
di¤erential equation (1) as a one-dimensional geometric Brownian motion.1

dSdmt = Sdmt
�
�dmt dt+ �

dm
t dWm

t

�
(2)

The parameter �dmt ; known as the volatility, can be interpreted as the instan-
taneous standard deviation of the rate of return of the mth domestic asset.
Let us further assume, without loss of generality, that one of the assets is

1A detailed discussion of Levy�s theorem can be found in Shreve (2004) and Proter
(2005).
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risk-free. This asset is called the domestic bank account. The price process
Bdt represents the cumulative return at time t of a bank account earning the
risk-free interest rate and is given by

Bdt = B
d
0 exp

�Z t

0

rdsds

�
(3)

whereBd0 is the initial investment and r
d
t is the instantaneous risk-free interest

rate in the domestic country. The price process Bd is strictly positive and
deterministic. As is common in �nance, I will use the domestic bank account
process as the numéraire for domestic economy. The same set-up applies
to the foreign country. The foreign nominal asset-price processes are also
modeled as geometric Brownian motions. The stochastic-price process for
the nth foreign asset is given in di¤erential form by

dSfnt = Sfnt

h
�fnt dt+ �

fn
t dW

fn
t

i
(4)

where

dWfn
t =

DX
j=1

�fnjs

�fns
dW j

s

and �
�fnt

�2
=

DX
j=1

�
�fnjt

�2
Consequently, Wfn, which is regarded as the risk factor driving the nth

foreign asset, is a one-dimensional Brownian motion. The drift �fn can be
interpreted as the instantaneous rate of return of the nth asset in foreign cur-
rency and the volatility �fn as the instantaneous volatility of the nth foreign
asset. As in the domestic economy, I will assume that one of the foreign
assets is the risk-free bank-account process Bf that serves as numéraire in
the foreign country and whose price at time t is given by

Bft = B
f
0 exp

�Z t

0

rfs ds

�
(5)

where Bf0 is the initial investment and r
f
t is the instantaneous risk free rate

in the foreign country.
Thus far, I have presented each country separately, each one with its own

collection of risky assets and numéraire denominated in the local currency.
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In the familiar framework in �nance, a country is analyzed according to its
own collection of assets that are denominated in the local currency. However,
in international �nance, there are more than one currency, and investment
opportunities include foreign assets. To be comparable, nominal assets need
to be expressed in the same currency. Hence, there is more than one choice
of numéraire. To price assets in a common currency, I introduce the nominal
exchange rate Q, de�ned as the number of domestic currency units required
to purchase one unit of foreign currency. The exchange rate is the most im-
portant piece of the model. It links the two currencies and adds uncertainty
to returns on investments made in a di¤erent currency. The same asset,
when looked at from the perspective of a domestic agent, is di¤erent when it
is looked at from the perspective of a foreign agent. Formally, the nominal
exchange-rate process is assumed to be a geometric Brownian motion adapted
to the �ltration generated by the same D�dimensional Brownian motion W
that drives the risky assets. The stochastic process for the nominal exchange
rate in di¤erential form is given by

dQt = Qt

h
�Qt dt+ �

Q
t dW

Q
t

i
(6)

where

dWQ
t =

DX
j=1

�Qjs
�Qs
dW j

s

and �
�Qt

�2
=

DX
j=1

�
�Qjt

�2
With this characterization of the nominal exchange-rate process, we can

interpret WQ
t as the exchange-rate risk factor. The drift �

Q
t is the instanta-

neous expected rate of depreciation/appreciation of the domestic currency,
and the volatility parameter �Qt is the instantaneous standard deviation of
the rate of depreciation/appreciation of the domestic currency.

2.2 Exchange Rate and Asset Prices

With this description of the assets available in each country, as well as the
exchange rate dynamics, we can express all assets in a common currency,
either domestic or foreign. An investor�s asset allocation depends on the
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currency that is used to express payo¤s, and the relevant currency to price
assets for an investor is the one from the country in which the investor lives.
Throughout this exposition, I will adopt the perspective of a domestic in-
vestor, an agent who lives in the domestic country and cares about payo¤s
in the domestic currency. Because of the symmetry of the model, the same
results would hold if we were to adopt the perspective of a foreign investor.

The goal in this section is to analyze the two countries in the integrated
global �nancial market. By expressing all assets in the same currency, we
can study the �nancial market from the perspective of a speci�c country. We
will show that asset-price processes denominated in di¤erent currencies are
a¤ected by the exchange rate; consequently, the market looks di¤erent for
agents in di¤erent countries. We will also show that there is only one asset
that is risk-free for each investor. With the continuous-time framework, this
result can be shown simply and clearly.
The product of two geometric Brownian motions is itself a geometric

Brownian motion. Thus, asset-price processes that are geometric Brownian
motions in one currency remain geometric Brownian motions when translated
to the other currency. Formally, for any asset n that is denominated in
the foreign currency, the price process in the domestic currency is given by�
QtS

fn
t

�
t�0
: By Ito�s product rule, the stochastic price process of a foreign

asset in domestic currency, in di¤erential form, is given by

d
�
QtS

fn
t

�
= QtS

fn
t

h�
�fnt + �Qt + �

fn
t �

Q
t �

fnQ
t

�
dt+ �fnt dW

fn
t + �Qt dW

Q
t

i
(7)

where

�fnQt =

PD
j=1 �

Qj
t �

fnj
t

�fnt �
Q
t

�fnQt is the instantaneous correlation between the exchange rate and the
foreign asset and �fnt �

Q
t �

fnQ
t is interpreted as the instantaneous co-variation

between the foreign asset and the exchange rate.2 Equation (7) has the form
of a multidimensional geometric Brownian motion. The drift, which can be
interpreted as the instantaneous expected rate of return in the domestic cur-
rency of a foreign asset, is equal to the sum of three components: the expected
return of the foreign asset denominated in the foreign currency �fnt , the ex-
pected depreciation/appreciation of the currency �Qt , and the instantaneous

2See Shreve (2004) for a discussion of instantaneous correlation.
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co-variation between the exchange rate and the foreign asset �fnt �
Q
t �

fnQ
t :

The components of W that drive the price processes in domestic currency
are the risk factor Wfn that drives the foreign stock and the risk factor WQ

that drives the foreign exchange: Thus, all foreign assets denominated in
domestic currency are a¤ected by the exchange-rate risk factor. Comparing
equation (7) to equation (4) ; which I repeat here for convenience,

dSfnt = Sfnt

h
�fnt dt+ �

fn
t dW

fn
t

i
we see that, when expressed in its own currency, the drift of the foreign asset
price process is simply �fnt , but when translated into a new currency, the
drift also depends on the expected rate of appreciation/depreciation of the
exchange rate and the correlation between the exchange rate and the foreign
asset.
If there are no arbitrage opportunities, there can be only one risk-free

asset in the model. Although there are two bank account processes in this
model, one for each country, only one of these processes is risk-free when
assets are denominated in a common currency. If this were not the case,
there would be an opportunity for arbitrage. When an investment is made in
the foreign bank account, the price process of this investment denominated
in the domestic currency is given by

d
�
QtB

f
t

�
= QtB

f
t

h�
�Qt + r

f
t

�
dt+ �Qt dW

Q
t

i
(8)

.It is clear from equation (8) that an investment in the foreign bank account
process is not risk free for a resident of the domestic economy because of
exchange-rate risk. The same is true, of course, for investments by foreign
agents in the domestic bank account process. For any investor in this model,
only the risk-free asset from the country in which the investor is resident is
risk free; all other assets are risky.
To make assets prices comparable, we express asset prices in the same

currency. Let P dkt ; k = [1; 2; ::::;M +N ] be the price of an asset at time t
denominated in the domestic currency: Foreign asset prices are converted to
the domestic currency by multiplying by the exchange rate; then, we have

P dkt =

�
Sdmt
QtS

fn
t

for k = 1; 2; ::;M; m = k
for k =M + 1; :::;M +N; n = k �M

that is, for k �M , we refer to a domestic asset, and for k �M+1, we refer to
a foreign asset. P dt is the collection of asset-price processes denominated in
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the domestic currency. From equations (2) and (7), the stochastic equation
for P dk is given in di¤erential form by

dP dkt = P dkt
�
�dmt dt+ �

dm
t dWdm

t

�
(9a)

for k = [1; 2; :::;M ], m = k and

dP dkt = P dkt

h�
�fnt + �Qt + �

fn
t �

Q
t �

Qfn
t

�
dt+ �fnt dW

fn
t + �Qt dW

Q
t

i
(9b)

for k = [M + 1;M + 2; :::M +N ] ; m = k �M
Furthermore, let P fkt be the price of an asset at time t, denominated in

the foreign currency where

P fkt =

�
Sdmt =Qt
Sfnt

for k = 1; 2; ::;M; m = k
for k =M + 1; :::;M +N; n = k �M

and let P ft be the collection of asset-price processes denominated in the for-
eign currency. Clearly, P fk = QP dk for all k:
For the purpose of this paper, s �nancial market is a collection of asset-

price processes P , de�ned on a �ltered probability space (
;F ;F;P). There
is one integrated �nancial market in this model that can be analyzed either
from the perspective of the domestic investor, with the price processes de-
nominated in the domestic currency P d, or from the perspective of the foreign
economy, with the price processes denominated in foreign currency P f .

2.3 The Stochastic Discount Factor

Modern asset pricing theory relies on the assumption of no arbitrage. Al-
though the assumption of no arbitrage is enough to yield powerful conclu-
sions, it is a weak assumption relative to those usually imposed in economics.
As long as there is a �nancial market that does not admit arbitrage, we do
not need to include assumptions about agent�s preferences, aggregation, or
how expectations are formed. The absence of arbitrage opportunities is
enough to yield a model of how assets are priced.
The basic concept of asset-pricing theory is that discounted asset prices

are martingales under an equivalent martingale measure (EMM), also called
the risk-neutral probability measure: This condition is known as the funda-
mental equation of asset pricing. The �rst fundamental theorem of asset
pricing links no arbitrage to the fundamental equation. It states that in a
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�nancial market in the absence of arbitrage, there exists a risk-neutral prob-
ability measure: That is, in the absence of arbitrage opportunities, we can
�nd a probability measure eP, such that the discounted asset-price processes
are martingales; for every time interval � > 0

bPt = eE h bPt+� jFti (10)

where bPt = Pt=Bt is the discounted asset-price process. bPt expresses the
nominal price of the asset in terms of the numéraire B. The expectation eE
in (10) is taken under the risk-neutral probability measure eP: In continuous
time, under certain technical conditions that I will assume are satis�ed, Gir-
sanov�s theorem provides a way to construct a EMM:3 In fact, under the
assumption that markets are complete, the second fundamental theorem of
asset pricing guarantees that the EMM is unique:
Instead of changing the true probability measure to the risk-neutral prob-

ability measure, economists like to express the fundamental equation of asset
pricing in terms of the stochastic discount factor: Intuitively, the SDF is
the random process that agents use to discount future payo¤s. Agents value
an asset depending on the circumstances of its payo¤s; for example, assets
that pay in a few bad states but do not pay in many good states are valuable
because the asset provides a hedge. Agents are willing to pay insurance even
if, on average, it produces losses. The SDF weights payo¤s depending on
the state, discounting payo¤s in good states more heavily then payo¤s in bad
states. Formally, the SDF is a stochastic process �, such that, under the
true probability measure P; the SDF�weighted asset prices are martingales;
that is,

�tPt = E [�t+�Pt+� jFt ]
Existence of an EMM and existence of a SDF are equivalent. Cochrane
(2005) advocated a SDF approach to asset-pricing theory in an e¤ort to
bring �nance and economics together: Therefore, this paper will also opt for
a SDF approach. I now turn to a derivation of the SDF for the domestic
and foreign economies.
Consider the �nancial market from the perspective of the domestic in-

vestor. The relevant price processes and choice of numéraire to derive the
SDF in the domestic economy are P d and Bd respectively: Assume that

3For a detailed discussion of Girsanov�s theorem see Shreve (2004) and Protter (2005)
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the adapted process �d1; �d2; :::; �dD satis�es the conditions of Girsanov�s the-
orem. Then the stochastic discount factor in the domestic economy is the
strictly positive Ito process �d, given, in di¤erential form, by

d�dt = �
d
t

"
�rdt dt�

DX
j=1t

�djdW j
t

#
(11)

The volatility parameters �d1; �d2; :::; �dD are the market prices of risk, in
the domestic economy, for the underlying risk factors W j; j = [1; 2; :::; D]:
Recall from the fundamental equation of asset pricing that the SDF for the
domestic economy is the process such that the SDF�weighted asset prices
denominated in the domestic currency are martingales. Then for any asset
k denominated in the domestic currency, the drift of the process

�
�dtP

dk
t

�
t�0

must equal zero. Therefore, if P dkt refers to a domestic asset,
�
�dtP

dk
t

�
is a

martingale if

�dmt � rdt =
DX
j=1

�dmjt �djt (12a)

.If P dkt refers to a foreign asset
�
�dtP

dk
t

�
is a martingale if

�fnt + �Qt + �
fn
t �

Q
t �

fnQ
t � rdt =

DX
j=1

�
�fnjt + �Qjt

�
�djt (12b)

We call this equation the domestic market price of risk equation for asset
k.4 This equation states that the expected excess return of asset k in the
domestic currency is equal to the sum of prices of risk times quantity of risk,
summed over the D types of risk. This justi�es calling �dj a domestic price
of risk.
When the asset is domestic, equation (12a) is the standard market price

of risk equation that is derived in a �nancial market with just one currency.5

When the asset is foreign, equation (12b) is the corresponding domestic mar-
ket price of risk equation. What is distinctive for foreign assets is that the
domestic market price of risk equation includes extra parameters. These
parameters correct the market price of risk equation for exchange rate risk.
On the left hand side of equation (12b), the excess return is corrected by

4See the appendix for the derivation of these prices of risk equations.
5Chapter 5 in Shreve (2004) discusses the market price of risk equation.
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adding the drift of the exchange-rate process �Qt and the co-variation of the
foreign asset with the exchange rate �fnt �

Q
t �

fnQ
t . On the right hand side, the

correlation of the asset with the underlying risk factors is corrected by adding
the correlation of the exchange-rate process with the underlying risk factors.
Equation (12b) is what distinguishes models in international �nance.
The market price of risk equations does not rely on the assumption of

complete markets. These equations should be satis�ed in either a complete
or an incomplete market framework. The assumption that markets are com-
plete guarantees that, from the collection of market price of risk equations,
we can solve for the unique domestic market prices of risk �djt : On the other
hand, if markets are not complete, there is not a unique solution for the
domestic market prices of risk:When markets are not complete, the SDF is
not unique: In this paper, we assume that markets are complete. Formally,
on the global �nancial market, there is a D�dimensional Brownian motion
driving M +N assets. Under the assumption that markets are complete, we
can, without loss of generality, assume thatD =M+N�1 so that we have as
many risky assets as underlying risk factors.6 With complete markets, there
are D domestic market price of risk equations in the D unknown processes
�d1; �d2; :::; �dD: Therefore, as long as the matrix of volatilities in the local
currency �d is invertible, where

�d =

26666666664

�d11 �d12 : : : �d1D

�d21 �d22 �d2D

...
...

...
�dN1 �dN2 : : : �dND

�f11 + �Q1 �f12 + �Q2 : : : �f1D + �QD

...
...

...
�fM1 + �Q1 �fM2 + �Q2 : : : �fMD + �QD

37777777775
we can solve for the unique domestic market prices of risks.
I have shown that, in the absence of arbitrage opportunities and with

complete markets, when we look at the �nancial market from the perspective
of the domestic investor, there is a unique process that prices all assets when
denominated in the domestic currency. We can also look at this �nancial
market from a di¤erent perspective, that of the foreign investor. I will show

6If we allow more risky assets than underlying risk factors, we need to impose cross-
equation restrictions to satisfy the no-arbitrage assumption.
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that the foreign SDF process that prices assets in the foreign currency is
di¤erent from the domestic SDF process that prices assets in the domestic
currency.
Let us consider the �nancial market from the perspective of the foreign

investor. Following the same arguments for the derivation of the SDF in the
domestic economy, we derive the SDF in the foreign economy. In this case,
the relevant price processes and choice of numéraire to derive the SDF in the
foreign economy are P f and Bf , respectively. Under the assumption that
markets are complete, the matrix of volatilities in the foreign currency �f is
invertible. The unique stochastic discount factor for the foreign economy is
the Ito process �f , given in di¤erential form by

d�ft = �
f
t

"
�rft dt�

DX
j=1

�fjt dW
j
t

#
(13)

where �fj stands for the foreign price of risk for factor j.
The assumptions of the model, namely, no arbitrage and complete mar-

kets, guarantee a unique SDF for the domestic economy �d and a unique
SDF for the foreign economy �f . These two stochastic processes are driven
by the same underlying risk factors W: However, the parameters for these
two processes are di¤erent: The drift on each process is equal to minus the
risk-free interest rate in the local economy. Volatilities are the market prices
of risks that solve the system of the market prices of risk equations in the
local economy. Although di¤erent, in this integrated �nancial market, the
parameters of these two processes are connected by the exchange rate. In
the next section, I study this link.

2.4 Stochastic Discount Factors and the Exchange Rate

Up to this point, we have solved for the stochastic discount factors for each
country separately. We used the asset price processes P d and numéraire Bd

to solve for the SDF in the domestic economy and the asset price processes
P f and numéraire Bf to solve for the SDF in the foreign economy. The
exchange rate is what links the two countries in the integrated �nancial
market. Here, I show how the exchange rate process Qt links the stochastic
discount factors processes �d and �f : To gain some insight into the role of the
exchange rate in the model, I �rst consider the case in which the exchange-
rate process is deterministic, before moving on to the more interesting case in
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which the exchange rate is stochastic. I will show that, when the exchange
rate is deterministic, the market prices of risk are equal in the two economies.
On the other hand, when the exchange rate is stochastic, the market prices of
risk are di¤erent between the two economies but connected by the exchange
rate.
I begin with the simple and unrealistic assumption that the exchange

rate process is deterministic and given by dQt = Qt�
Q
t dt: I will show that,

for investment purposes, the �nancial market looks equally risky from the
perspective of the domestic and the foreign investor. Consider the price
process for a foreign asset denominated in the local currency when the ex-
change rate is deterministic, that is

d
�
QtS

fn
t

�
= QtS

fn
t

h�
�fnt + �Qt

�
dt+ �fnt dW

fn
t

i
(14)

Equation (14) corresponds to equation (7) with �Q = 0: Comparing these
two equations, we see that, when the exchange rate is stochastic, there are
two risk factors driving the price process of a foreign asset denominated in the
local currency: the foreign-stock risk factor Wfn and the foreign-exchange
risk factor WQ: When the exchange rate is deterministic, the latter term
is lost, and foreign asset prices denominated in the domestic currency are
driven only by the foreign-stock risk factor Wfn. Consequently, assets are
equally risky from the perspective of both domestic and foreign investors. In
this simple framework of deterministic exchange rates, there are two risk-free
assets in the economy: the domestic bank-account process and the foreign
bank-account process. To be consistent with the hypothesis of an absence of
arbitrage opportunities, we require the expected depreciation/appreciation of
the currency to be equal to the interest rate di¤erential, that is, �Qt = r

d
t �r

f
t :

Otherwise, there will be two risk-free assets with di¤erent risk-free returns in
the model, providing an opportunity for an arbitrage. When the exchange
rate is deterministic, it is easy to show that the market price of risk equations
are identical for both domestic and foreign investors. For a domestic asset,
the market price of risk equation is from either perspective

�dmt � rdt =
DX
j=1

�dmjt �jt
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for m = [1; 2; :::;M ] : For a foreign asset, the market price of risk equation is

�fn � rft =
DX
j=1

�fnjt �jt

for n = [1; 2; :::; N ]. Because the market prices of risk equations are identical
for both domestic and foreign investors, prices of risk are identical for both
domestic and foreign investors. Note that I dropped the superscript that
refers to the country from the prices of risk in order to emphasize that they
are equal.
When there is no volatility on the exchange rate process, we can analyze

the �nancial market from the perspective of either a domestic or a foreign
investor and arrive at the same conclusion. In this context, market prices of
risk are global. On the other hand, from the standpoint of this paper, when
the exchange rate is stochastic, the investor�s residence matters.
Now we turn our attention to the more interesting case in which the ex-

change rate is stochastic. I will show how the exchange rate links the two
economies in my model. Intuitively, the exchange rate adds risk for invest-
ing in non-local assets; as a result, price processes for foreign and domestic
investors are di¤erent. Therefore, market prices of risk are di¤erent across
countries. We should expect, then, that the exchange rate re�ects those
di¤erences in the market prices of price risk.

Proposition 1 Let �d be the SDF for the domestic economy, �f the SDF
for the foreign economy, and Q the exchange rate process: Then the following
relation holds �ft = �

d
tQt=Q0 for all t � 0; and

�Qt = r
d
t � r

f
t + �

d
t (15)

where

�dt =
DX
j=1

�djt

�
�djt � �fjt

�
(16)

and the volatility of the exchange rate process satis�es�
�Qt

�2
=

DX
j=1

�
�djt � �fjt

�2
(17)

for all t � 0:7
7The proof is in the appendix
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The relationship between the stochastic discount factors and the exchange
rate �ft = �

d
tQt=Q0 is equivalent to the discrete time derivation of Backus,

Foresi, and Telmer (2001). Equation (15) for the drift of the exchange rate
process is the continuous-time analog of a familiar result in the international
�nance literature: the expected appreciation/depreciation of the currency
is equal to the interest-rate di¤erential plus a risk premium. This is the
continuous-time analog of the uncovered interest-rate parity condition. In
this model, the risk premium is the weighted sum of the di¤erence in the
prices of risks between the two SDF , where the domestic prices of risk are
used to weight the di¤erences. I refer to the risk premium �dt as the foreign-
exchange risk premium for the domestic economy. The instantaneous volatil-
ity of the exchange-rate process in equation (17) is the Euclidean norm of the

di¤erence on the prices of risk, that is �Qt =



�dt � �ft 


 : The volatility of the

exchange rate re�ects the di¤erence in the prices of risk for the two economies.
Therefore, a stochastic exchange rate implies that the numéraire-dependent
SDF s are di¤erent.
Just as the stochastic discount factors are linked by the exchange rate,

the expected excess returns for an asset, when it is denominated in di¤erent
currencies, are also linked by the exchange rate. To see this result, note
that, from the drift of the exchange-rate process in equation (15) and the
left-hand side of the domestic market price of risk equation for a foreign
asset in equation (12b) ; we can rewrite the instantaneous expected excess
return for a foreign asset denominated in the domestic currency as

�fnt + �Qt + �
fn
t �

Q
t �

fnQ
t � rdt � �

fn
t � rft + �dt + �

fn
t �

Q
t �

fnQ
t

The expected excess return for the foreign asset denominated in the do-
mestic currency is equal to the expected excess return of the foreign asset
denominated in the foreign currency �fnt � rft plus a risk premium. The risk
premium has two components: The �rst component is the foreign exchange
risk premium for the domestic economy �dt ; this component of the premium
is independent of the asset, justifying calling �dt the foreign exchange risk
premium for the domestic economy. The second component of the premium
is an asset-speci�c premium, which is equal to the co-variation of the foreign
asset with the foreign exchange �fnt �

Q
t �

fnQ
t .

In an integrated �nancial market, the exchange rate links the numéraire-
dependent stochastic discount factors. Both the drift and the volatility of
the exchange rate capture the di¤erence in the market prices of risk for the
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two economies. These di¤erences in the numéraire-dependent SDF lead to
premiums for investing in foreign assets. One component of the premium is
independent of the asset �dt while the other component is asset dependent:
In the next sections, I take a closer look at the foreign exchange risk premium
and study its relevance for a domestic investor.

2.5 Foreign-Exchange Risk Premium

The must interesting parameter in the above derivation is the foreign-exchange
risk premium for the domestic economy �dt : In our model, the foreign-
exchange risk premium arises because assets pay in money and di¤erent coun-
tries denominate assets in di¤erent currencies. In this section, I examine
how the foreign-exchange risk premium relates to the numéraire-dependent
stochastic discount factors and show that the foreign-exchange risk premium
depends on the country of reference.
To simplify this exposition, I express the domestic and foreign SDF as a

one-dimensional geometric Brownian motion. Let

dW�d

t =
DX
j=1

�djt
�dt
W j
t

and �
�dt
�2
=

DX
j=1

�
�djt

�2
(18)

By Levy�s theorem, W�d

t is a one-dimensional Brownian motion, and con-
sequently, we can rewrite the di¤erential for the domestic SDF in equation
(11) as

d�dt = �
d
t

h
�rdt dt� �dtdW�d

t

i
,where the volatility parameter �dt is interpreted as the instantaneous stan-
dard deviation of the rate of growth of the domestic SDF . Similarly, the
foreign SDF can be expressed as a one-dimensional Brownian motion with
volatility �ft ;

d�ft = �
f
t

h
�rft dt� �ft dW�f

t

i
where

dW�f

t =
DX
j=1

�fjt

�ft
W j
t
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and �
�ft

�2
=

DX
j=1

�
�fjt

�2
(19)

Then, we can express the foreign-exchange risk premium for the domestic
economy in terms of the volatilities of the numéraire-dependent SDF s and
their correlation.8

�dt = �
d
t �
f
t

�
�dt

�ft
� �f;dt

�
(20)

where �f;dt is the correlation between the domestic and foreign SDF: The
sign for the foreign-exchange risk premium comes from two components: the
relative volatilities of the domestic and foreign stochastic discount factors
and the correlation between these two processes. A strong positive correla-
tion lowers the foreign-exchange risk premium while higher volatility at home
increases the foreign-exchange risk premium for the domestic economy. In
fact, if the ratio of volatilities of the SDF s is equal to their correlation, the
foreign-exchange risk premium is zero, even though the numéraire-dependent
SDF s could be di¤erent. That is, a stochastic exchange rate that necessar-
ily implies di¤erent SDF s for the domestic and foreign economy, does not
necessarily imply a foreign-exchange risk premium for the domestic economy.
By the symmetry of the model, the foreign exchange risk premium for

the foreign economy is

�ft = �
d
t �
f
t

 
�ft
�dt
� �f;dt

!

Thus, the absence of a foreign-exchange risk premium in the domestic econ-
omy does not imply the absence of a foreign-exchange risk premium in the
foreign economy unless, of course, the correlation is equal to 1 and the volatil-
ities of the SDF s are the same �ft = �

d
t . In fact, little can be said about the

foreign-exchange risk premium for the foreign country by simply observing
the foreign-exchange risk premium in the domestic economy. This observa-
tion is relevant because it implies that the discussion of the foreign-exchange
risk premium depends on the country of reference. For this discussion, we
adopt the perspective of the domestic investor. In the next section, I inves-
tigate how currency risk co-varies with the domestic SDF .

8See the appendix for this derivation.
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3 Foreign Exchange Risk

For a domestic investor, the most direct way to hedge for foreign exchange
risk is to invest in the foreign bank-account process. The only risk factor
driving this asset is the foreign-exchange risk factor WQ

t . In this section,
I investigate the relationship between the foreign-exchange risk and the do-
mestic SDF by examining the relationship between the price processes for
investing in the foreign bank account and the domestic SDF . If there is
a strong correlation between these two processes, then empirically, currency
risk might be a relevant factor in price stock returns.
Linking the results from the previous section, we can rewrite the di¤er-

ential of the price process for investing in the foreign bank-account process,
denominated in the domestic currency as

d
�
QtB

f
t

�
= QtB

f
t

h�
rdt + �

d
t

�
dt+ �Qt dW

Q
t

i
(21)

The instantaneous expected return for this investment is equal to the sum of
two components: the domestic risk-free rate rd and the foreign-exchange risk
premium for the domestic economy �dt . As discussed in the previous section,
the foreign-exchange risk premium can be either positive or negative. Thus,
according to the sign of the risk premium, the instantaneous expected return
for investing in the foreign bank-account process could be higher or lower
than the domestic risk-free interest rate.
To determine how the return on the investment in the foreign bank-

account process moves with the domestic stochastic discount factor, we ex-
amine the quadratic co-variation process for the log foreign bank-account
process in domestic currency lnQBf and the log domestic SDF ln �d:9 The
di¤erential of the quadratic co-variation process is given by

d
�
ln
�
QBf

�
; ln �d

�
t
= �

DX
j=1t

�djt

h
�djt � �fjt

i
dt = ��dtdt (22)

The quadratic co-variation is informally regarded as the instantaneous co-
variation of the return on the foreign bank-account process and the growth
rate of the domestic SDF:

d�dt
�dt

d
�
QtB

f
t

�
QtB

f
t

= �
DX
j=1

�djt

h
�djt � �fjt

i
dt = ��dtdt

9See Protter (2005) for a formal discussion of quadratic co-variation.
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The co-variation between these two processes is equal to the negative of the
foreign-exchange risk premium for the domestic economy �dt . Recall that the
SDF weights future payo¤s depending on the state. A negative co-variation
between the log of the domestic SDF and the return of an asset, indicating
that the asset is more likely to pay in good states than in bad states; in
this sense, the asset is very risky. On the other hand, if the co-variation
is positive, then the asset is more likely to pay in bad states than in good
states, and the asset provides a hedge. Note that when I refer to how risky
an asset is, I do not refer to higher or lower volatility of the returns. Except
for the risk-free asset in the local country, all other assets are risky for the
domestic investor because their returns are stochastic. When I refer to an
asset as very risky, it is because the co-variation of the return of the asset
with the log of the domestic SDF is negative, and when I refer to an asset
as one that provides a hedge, it is because the co-variation of the return of
the asset with the log of the domestic SDF is positive.
Equations (21 ) and (22) link the foreign exchange risk premium for the

domestic economy with the instantaneous co-variation between the return for
investing in the foreign bank-account process and the domestic SDF . The
foreign exchange risk premium is equal to the negative of the co-variation
between the log domestic SDF and the returns in domestic currency for
investing in the foreign bank account process. I now analyze this result in
the context of the model. We consider three cases:

1. �d = 0 (There is no foreign exchange risk premium): The expected
return for investing in the foreign bank account process is equal to the
domestic risk-free interest rate, and the co-variation between this return
and the log domestic SDF equals zero. Here, the uncovered interest-
rate parity holds; that is, the expected appreciation/depreciation of the
currency is equal to the risk-free interest rate di¤erential. Domestic
investors are not compensated for being exposed to currency risk, and
the exchange-rate risk is not correlated with the domestic SDF: The
extreme case of this scenario corresponds to a deterministic exchange
rate illustrated in section 2.4. When the exchange rate is deterministic,
there is no exchange-rate risk and, thus, no premium for investing in
foreign assets.

2. �d > 0 (The foreign exchange risk premium is positive): In this case,
the expected return for investing in the foreign bank-account process is
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greater than the domestic risk-free interest rate, and the co-variation
between this return and the log domestic SDF is negative. This is the
case of a very risky asset. When the macro state of the economy is
bad, the payo¤ for investing in the foreign bank-account process is bad,
and domestic investors demand to be compensated for being exposed
to exchange-rate risk. Consequently, the expected return for investing
in the foreign bank-account process is higher than the rate of return of
the domestic risk-free asset. A positive foreign-exchange risk premium
is usually found in the data.

3. �d < 0 (The risk premium is negative):Finally, consider the case in
which the expected return for investing in the foreign bank-account
process is lower than the domestic risk-free interest rate, and the co-
variation between this return and the log domestic SDF is positive. In
this case, a long position in the foreign bank-account process provides
a hedge against bad states in the domestic economy; the payo¤ is good
in bad times and not so good in good times. Holding the asset provides
insurance, so investors are willing to accept an expected return lower
than the risk-free interest rate.

If there is a positive foreign exchange risk premium, as documented in the
data, then investments in the foreign bank-account process are risky bets. We
can also express this relationship in terms of the instantaneous correlation
between the domestic SDF an the foreign exchange risk. The correlation
tell us how strong is the relationship between these two processes. The
instantaneous correlation between the domestic SDF and the exchange-rate
risk is given by

��
dQ
t =

�dt
�dt�

Q
t

We can express this equation in terms of the volatilities of the domestic and
foreign SDF s and their correlation, exactly as we did for the foreign exchange
risk premium in (20):

��
dQ
t =

�
�dt � �

f
t �
f;d
t

�
q�
�dt
�2
+
�
�dt
�2 � 2�dt �ft �f;dt (23)

Clearly, without looking at data, we cannot say whether the exchange-rate
risk is correlated with the domestic SDF: In the next section I implement the
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model to get a sense of the extent in which foreign exchange risk is correlated
with the domestic SDF:

4 Pair-wise Study

In this section, I implement the continuous-time model presented above in a
pair-wise empirical study. I consider a pair of countries each with one stock
and a risk-free asset denominated in the local currency. We begin with the
assets to derive the domestic and foreign SDF s. Then, I investigate the rela-
tionship between the domestic SDF and the exchange rate risk. I compare
six pairs of countries, in which the U.S. is always considered the domestic
country. The foreign countries are Australia, Canada, Japan, Switzerland,
the UK, and the Euro zone.
To adapt the model to the data, we need to go from the continuous-time

model to a daily model. In this section, I assume that all the parameters in
the model are �xed. For any asset, the price process paying o¤ in dollars, P dkt ,
is a geometric Brownian motion. Taking logs and integrating the stochastic
di¤erential of this price process over a time interval [0; t+�] yields

lnP dkt+� = lnP
dk
0 +

�
�dk � 1

2

�
�dk
�2�

(t+�) + �dk
p
t+�Wdk

t+�

where �dk and �dk correspond to the parameters in equation (9a) for the
domestic stock and to the parameters in equation (9b) for the investment in
the foreign bank-account process and the foreign stock. The log return for
holding the asset over the interval [t; t+�] is

lnRdkt+� = ln

�
P dkt+�
P dkt

�
=

�
�dk � 1

2

�
�dk
�2�

�+ �dk
p
�"dkt+�

where W dk
t+� �W dk

t = "dkt+� s N (0; 1) : If the length of the holding period
[t; t+�] is a day, we have a model for daily returns. Now we can take the
model to data. With observations of daily log returns, the unconditional
expectation and unconditional variance of the log return for the holding
period are

E
�
lnRdkt

�
=

�
�dk � 1

2

�
�dk
�2�

�

V ar
�
lnRdkt

�
=
�
�dk
�2
�
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Therefore, I estimate the drift �dk and volatility �dk of the price process
by the sample moments from the log return. From here, I can set up the
market price of risk equations, derive the market prices of risk, and recover
the SDF implied by these assets. Figure (1) presents the di¤erence in the
cumulative log return for the foreign stock market denominated in USD and
the cumulative log return for the foreign stock market denominated in the
foreign currency. For all six foreign countries, both cumulative log returns
move closely. However, there are long periods for which the log returns
separate. The di¤erence is given by the foreign exchange which is stochastic.
Table (1) presents summary statistics. The left panel, in the �rst three

columns, shows the parameter estimates for the excess return in USD for
investing in the foreign bank-account process which is risky for an American
investor. The second panel, in the last three columns, shows the parameters
for the excess return in USD for investing in the foreign stock market. For
each investment, I report the annualized estimate for the excess return, the
volatility, and the correlation of the asset with the U.S. stock market. The
estimates in the �rst column from the left panel are evidence of an exchange
risk premium. If there is no foreign-exchange risk premium, these estimates
should be zero. However, for Australia, Canada, and Japan, the estimates are
signi�cantly di¤erent from zero. The second column presents the estimates
for the annualized volatility parameter; the volatility for most countries is
around 1%, except for Canada, where it is lower and close to 0:6% The third
column presents the correlation of the investment in the foreign bank-account
process with the U.S. stock market. These correlations are low and generally
negative, except for Australia and Canada, where the correlation is positive
but still low. For investments in foreign stocks, the excess return in USD
ranges from �5:63% in Japan to 5:3% in Switzerland. These excess returns
are statistically signi�cant. The volatilities for investments in the foreign
stock are higher than the volatilities for investments in the foreign bank-
account process, ranging from 1:54% to 2:25%: The last column presents the
correlation of the log return for investing in the foreign stock and the log
return for investing in the U.S. stock market. All correlations are positive
and range from 5% for Japan to 63% for Canada.
Tables (2) and (3) present the main results. Table (2) presents the esti-

mates for the annualized volatilities of the domestic and foreign SDF s and
their correlation. The volatilities are similar in magnitude for the domestic
and foreign economy, ranging between 30% and 40%. The higher di¤erence
in the volatilities of the SDF is for Switzerland; the volatility of the SDF
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Figure 1: Di¤erence between the cumulative log return in the foreign stock market in U.S.
Dollars and the cumulative log return in the foreing stock market in the foreign currency.
Sample is daily from January 1987 to December 2007

26



Table 1: Summary of statistics
Foreign Bank Account Foreign Stock
�� rr � � �� rd � �

Australia 2:36 1:02 0:06 4:32 1:71 0:09
Canada 1:95 0:61 0:12 4:43 1:54 0:63
Europe 0:67 1:06 �0:11 4:97 1:94 0:33
Japan �2:05 1:11 �0:09 �5:63 2:25 0:05

Switzerland �1:01 1:14 �0:20 5:30 1:77 0:20
UK 1:53 0:95 0:09 2:48 1:62 0:31

Table 1: This table presents, in the left panel, the annualized excess return, volatility, and
correlation with the U.S. stock return for investments in the foreign bank-account process.
In the right panel, it presents the annualized excess return, volatility, and correlation with
the U.S. stock return for investments in the foreign stock market. Samples are daily from
January 1987 to December 2007.

in Swiss Francs is 33% and the corresponding volatility for the stochastic
discount factor in USD is 42%. The third column presents the ratio of the
volatilities, domestic to foreign. The ratios range from 0:85 for the U.K. to
1:35 for Switzerland. The fourth column presents the correlation between
the SDF s. The correlations are always positive and above 50%, suggesting
a strong correlation of the SDF s. Correlations range from 55% for Japan
to as high as 97% for the UK.
Table (3) presents the correlation of the domestic stochastic discount

factor with the domestic stock, the foreign exchange, and the foreign stock.
The second column presents the correlation between the domestic SDF and
the exchange rate. There is a wide variation in the correlations between
the domestic SDF and the exchange rates. If exchange rate risk is relevant
to price assets then we should expect that the domestic SDF and the the
exchange rate to be correlated. Correlations range from �46% for Japan
to 78% for Canada. While the absolute values of correlations between the
exchange rate and the domestic assets is very low, the absolute values of the
correlations between exchange-rate risk and the domestic SDF are generally
high. Thus, even though exchange rates are not highly correlated with
domestic stocks, exchange-rate risk is relevant to determine how assets are
priced.
The rest of table (3) presents the correlation of the domestic stock with

the domestic SDF and the foreign stock with the domestic SDF: The �rst
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Figure 2: This �gure presents, on the y-axis, the excess return for investing in the foreign
bank account process and, on the x-axis, the correlation between the domestic SDF and
the exchange rate risk given by equation (23).

column shows the correlation with the domestic stock. These correlations
are all positive and consistently above 68%: The third column shows the
correlation between the foreign stock and the domestic SDF; ranging from
�46% for Japan to 91% for the U.K. The results presented in this table in-
dicate that, in a globalized �nancial market, foreign factors are as important
as domestic factors.
Finally, we study the relationship between the excess return for invest-

ing in the foreign bank-account process and the correlation between the
exchange-rate risk and the domestic SDF . Figure (2) presents the excess
return for investing in the foreign bank-account process from table (1) and
the correlation between the domestic SDF and the exchange-rate risk from
table (3). There is clearly a positive relationship between these two para-
meters. For currencies for which there is a risk premium (either positive
or negative), the exchange-rate risk is strongly correlated with the domestic
SDF:
Within this framework, the return on carry trades emerges as the ideal

candidate to capture currency risk. Carry trades take long positions on
currencies with high interest rates, which are known to have positive excess
return, and short positions with currencies with low interest rates, which
are known to have negative excess returns. Therefore, a carry trade is a
portfolio of currencies in which exchange-rate risk is highly correlated with
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Table 2: Stochastic Discount Factors
Foreign Domestic Ratio �

Australia 0:41 0:37 0:91 0:61
Canada 0:33 0:41 1:24 0:66
Europe 0:33 0:33 0:98 0:83
Japan 0:35 0:39 1:11 0:55

Switzerland 0:31 0:42 1:35 0:81
UK 0:40 0:34 0:85 0:97

Table 2: This table presents the annualized volatility of the domestic and foreign stochastic
discount factors. The third column presents the ratio of volatilities de�ned as domestic
over foreign. The last column presents the correlation between the stochastic discount
factors.

Table 3: Correlation with SDF
US Stock Foreign Exchange Foreign Stock

Australia 0:76 0:61 0:40
Canada 0:70 0:78 0:46
Europe 0:86 0:18 0:70
Japan 0:78 �0:46 �0:46

Switzerland 0:68 �0:20 0:91
UK 0:83 0:46 0:19

Table 3: This table presents the correlation between the domestic stochastic discount
factor and the domestic stock, the foreign exchange, and the foreign stock.
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the SDF: The traditional example of a carry trade is to borrow from Japan
and to lend in Australia. In �gure (2), Japan corresponds to the point in
the lower left of the �gure and Australia corresponds to the highest point in
the right-hand side of the �gure. In the appendix, I extend the model to
include many countries and show how the results from the theoretical model
extend to carry trades.
In a companion paper, I estimate a factor model for U.S. stock returns

with the return on the carry trade as a factor. I provide strong empirical
evidence for the relevance of this factor to price U.S. stock returns. The
results from this model indicate that carry trades capture currency risk,
and this risk re�ects the di¤erences in the SDF s for the U.S. and foreign
countries.

5 Conclusions

This paper presents a continuous-time model of asset return processes in
a global economy, based on the technique of change of numéraire. If all
arbitrage opportunities have been eliminated, markets are complete and all
assets are expressed in a common currency, then there is a unique stochastic
discount factor process that prices all assets. However the representation of
the stochastic discount factor depends on the currency used to express assets.
If there is a stochastic exchange rate process, then investments in foreign

assets expressed in the domestic currency are exposed to currency risk. In
this paper, I derive explicit formulas that express the impact of currency
risk on excess returns. The model yields a continuous time analog of the
uncovered interest rate parity condition, where there is an exchange rate
premiumwith a clear economic interpretation; it re�ects the relative volatility
and the correlation between the stochastic discount factors. The premium
compensates investor for all investments that are exposed to exchange-rate
risk and I demonstrate that this risk can be represented by the return on the
carry trade.
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A Appendix

A.1 Pricing equations

Here, I derive the market price of risk equation for the domestic economy
in equations (12a) and (12b). What we need to show is that any asset de-
nominated in the domestic currency �dtP

dk
t is a martingale; that is, the drift

of this process is equal to zero. First, consider a domestic asset k � m.
Applying Ito�s product rule to equations (11) and (9a) gives,

d
�
�dtP

dk
t

�
= �dtP

dk
t

" 
�dnt � rdt �

DX
j=1

�dnjt �dj

!
dt+

DX
j=1

�
�dnjt � �djt

�
dW j

t

#

Therefore,
�
�dtP

dk
t

�
is a martingale for a domestic asset if and only if

�dnt � rdt �
DX
j=1

�dnjt �dj

Now consider a foreign asset expressed in domestic currency k > m. Applying
Ito�s product rule to equations (11) and (9b) gives,

d
�
�dtP

dk
t

�
= �dtP

dk
t

24 ��fnt + �Qt + �
fn
t �

Q
t �

fnQ
t � rdt �

PD
j=1

�
�fnjt + �Qjt

�
�djt

�
dt

+
PD

j=1

�
�dnjt � �djt

�
dW j

t

35
Therefore,

�
�dtP

dk
t

�
is a martingale for a foreign asset denominated in the

domestic currency if and only if

�fnt + �Qt + �
fn
t �

Q
t �

fnQ
t � rdt =

DX
j=1

�
�fnjt + �Qjt

�
�djt

.

A.2 Exchange Rate and SDF

Proof of proposition 1: Let Zdt be the Radon-Nikodym derivative that trans-
forms the true probability measure P into the domestic risk-neutral probabil-
ity measure Pd, and Zft the Radon-Nikodym derivative that transforms the
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true probability measure into the foreign risk-neutral probability measure Pf ,
that is

P dk0 = E

�
Zdt
P dkt
Bdt

�
P fk0 = E

"
Zft
P fkt

Bft

#
Then the SDF for the foreign economy is �dt = Zdt =B

d
t , and the SDF for

the foreign economy is �dt = Z
d
t =B

d
t . Consequently, what we need to prove is

Zdt
Bdt

=
Zdt
Bdt

Qt
Q0

.
Because markets are complete and all arbitrage opportunities have been

eliminated, Zdt and Z
f
t are the unique to the SDF s

dZdt = Z
d
t

"
DX
j=1

�djt dW
j
t

#
; Zd0 = 1 (24)

dZft = Z
f
t

"
DX
j=1

�fjt dW
j
t

#
; Zf0 = 1 (25)

Let P dkt be the price process for any asset denominated in the domestic
currency and Bd the price of the domestic bank-account process. Then

P dk0 = Bd0E
d

�
P dkt
Bdt

�
(26)

where Ed is the expectation under the domestic risk-neutral probability mea-
sure. If we change the numéraire to the foreign bank-account process ex-
pressed in domestic currency QtB

f
t , then

P dk0 = Q0B
f
0E

d

�
P dkt

QtB
f
t

Zdft

�
(27)

Since P dkt =Qt is the price of the asset expressed in the foreign currency and
Bft is the foreign bank-account process, Z

df
t is the Radon-Nikodym deriva-

tive that transforms the domestic risk-neutral measure into the foreign risk-
neutral measure

Zdft =
dPf

dPd
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Then we have from (26) and (27)

Bd0E
d

�
P dt
Bdt

�
= Q0B

f
0E

d

�
P dt

QtB
f
t

Zdft

�
(28)

and the Radon-Nikodym derivative Zdft is

Zdft =
Bft
Bdt

Qt
Q0

(29)

.By applying Ito�s lemma to this expression then, under the true probability
measure

dZdft = Z
df
t

"�
rft + �

Q
t � rdt

�
dt+

DX
j=1

�Qjt dW
j
t

#
. Equation (28) under the true probability measure is

Bd0E

�
Zdt
P dt
Bdt

�
= Q0B

f
0E

�
P dt

QtB
f
t

Zdt Z
df
t

�
.Therefore, since markets are complete, it must be that Zft = Z

d
t Z

df
t ; which

from (29) implies
Zft

Bft
=
Zdt
Bdt

Qt
Q0

Finally, by Ito�s product rule

dZdt Z
df
t = Z

d
t Z

df
t

" 
rft + �

Q
t � rdt +

DX
j=1

�djt �
Qj
t

!
dt+

DX
j=1

�
�Qjt + �djt

�
dW j

t

#

matching terms with (25) gives

�Qjt = �fjt � �djt

�Qt = r
d
t � r

f
t +

DX
j=1

�djt

�
�djt � �fjt

�
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A.3 Foreign Exchange Risk Premium.

Here, I show that we can express the foreign-exchange risk premium for the
domestic economy as in equation (20) :We begin from the expression for the
foreign exchange risk premium in equation (16), derived in section 2.4:

�dt =
DX
j=1

�djt

h
�djt � �fjt

i
=

DX
j=1

�
�djt

�2
�

DX
j=1

�djt �
fj
t

The �rst term on the right-hand side corresponds to the square of the volatil-
ity of the domestic SDF in equation (18) and the second term is the co-
variation of the domestic and foreign SDF . We can express the co-variation
in terms of the correlation by

�f;dt =

PD
j=1 �

dj
t �

fj
t

�dt �
f
t

,so we can write,

�dt =
�
�dt
�2 � �dt �ft �f;dt

.Finally, by multiplying and dividing the �rst term on the right-hand side by
the volatility of the foreign stochastic discount factor �ft ; we arrive at (20)

�dt = �
d
t �
f
t

�
�dt

�ft
� �f;dt

�

A.4 Carry Trades

In this section, I modify the model from the previous section by assuming
that there are I foreign countries. Each foreign country has a risk-free
asset and a collection of risky assets driven by the D�dimensional Brownian
motionW . Markets are complete, and all arbitrage opportunities have been
eliminated. Let us further assume that the nominal exchange-rate process
between the domestic country and the foreign country i = [1; 2; :::; I] is also
driven by the D�dimensional Brownian motion W and is given by

dQfit = Q
fi
t

h
�fit dt+ �

fi
t dW

fi
t

i
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where Qfit is the nominal exchange rate between the domestic country and
the foreign country i: The nominal exchange rate is de�ned as the number of
domestic currency units required to purchase one unit of country i�s foreign
currency. In the absence of arbitrage opportunities, the nominal exchange
rate between two foreign countries is given by Qih = Qfi=Qfh, where Qih is
the nominal exchange rate between foreign country i and foreign country h,
de�ned as the number of currency units of country i required to purchase
one unit of currency of country h. The stochastic process for the exchange
rate Qih is, by Ito�s product rule,

dQiht = Q
ih
t

h
�ihdt+ �fit dW

fi
t � �fht dWfh

t

i
where

�ih = �fit � �fht +
�
�fh
�2 � �fit �fht �ih

�ih is the correlation between the nominal exchange-rate processes Qfit and
Qfht : With the exchange rate processes, we can denominate all assets in the
global economy in a single currency and derive the numéraire-dependent
SDF for each country as in the model presented above. For any pair of
countries, the corresponding stochastic discount factors yield the conditions
for the parameters of the nominal exchange rate between that pair of coun-
tries.
To illustrate the carry trade, assume that rfi < rd < rfh ; that is, the risk-

free interest rate in country i is lower than the domestic risk-free interest
rate, which is lower than the risk-free interest rate in country h: A carry-
trade strategy for a domestic investor consists of borrowing in country i
to lend in country h. The value of the carry-trade portfolio at time t is
CTt = Q

fh
t B

fh
t �Qfit Bfit , with the initial condition CT0 = 0: The di¤erential

d (CTt) for the carry-trade value at time t depends on two components: the
gain on the foreign bank-account process in the country with the high interest
rate Qfht B

fh
t and the gain on the foreign bank-account process in the country

with the low interest Qfit B
fi
t : That is,

dCTt = Q
fh
t B

fh
t

h�
�fht + r

fh
t

�
dt+ �fht dW

fh
t

i
�Qfit Bfit

h�
�fit + r

fi
t

�
dt+ �fit dW

fi
t

i
.We can write this equation more intuitively as

dCTt =

(
CTtr

d
t dt+

�
Qfht B

fh
t �

fk
t �Qfit Bfit �fit

�
dt

+Qfht B
fh
t �

fh
t dW

fh
t �Qfit Bfit �fit dWfi

t

)
(30)
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.There are four terms appearing in equation (30) that can be interpreted in
the following way: The �rst term, CTtrdt dt, can be interpreted as the risk-free

return on the value of the portfolio. The second term,
�
Qfht B

fh
t �

fk
t �Qfit Bfit �fit

�
dt,

can be interpreted as the premium for investing in the carry-trade strategy;
the premium is equal to the value-weighted premiums of the currencies in the
portfolio. The third term, Qfht B

fh
t �

fh
t dW

fh
t , is the volatility of the portfolio

proportional to the value of investment in the foreign bank-account process
with the high interest rate. The last term, Qfit B

fi
t �

fi
t dW

fi
t , is the volatility

of the portfolio proportional to the value of the investment in the foreign
bank-account process with the lowest interest rate.
As in the previous section, to determine how risky the strategy is, we look

at the quadratic co-variation of the asset with the domestic SDF; which is
given by

d
�
CT;�d

�
= ��d

�
Qfht B

fh
t �

fk
t �Qfht Bfht �fit

�
dt

As for any other asset, there is a relation between the risk premium of the
asset and the co-variation with the domestic SDF: Risky portfolios have
positive risk premiums while hedge portfolios have negative premiums. The
higher the premium, the stronger the co-variation with the domestic SDF ,
and the riskier the asset.
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