Debt: Deleveraging or Default®

Guillermo Ordoiiez! David Perez-Reynat Motohiro Yogo®

December 2, 2015

Abstract

Private information in credit markets may be resolved through deleveraging or de-
fault, depending on the volatility and the evolution of collateral value. We develop
a dynamic model in which all borrowers have collateral subject to systematic uncer-
tainty, but only good borrowers have additional income that is unobservable. When the
volatility of collateral is low, good borrowers are able to fully separate by deleveraging,
that is, raising debt and subsequently paying it down with unobservable income. For
higher volatility, the amount of debt that is necessary for full separation may force bad
borrowers to default, so that good borrowers must trade off the benefit of separation
against an adverse selection cost of higher debt. For sufficiently high volatility, only
partial separation is achieved because the cost of higher debt outweighs the benefit of
separation. (JEL D14, G32)
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1. Introduction

In the presence of private information and costly information acquisition, lenders infer the
quality of a borrower based on repayment history. For example, repayment history is the
most important of five factors that determine the FICO Score, which a leading measure of
reputation in consumer credit markets (Fair Isaac Corporation 2011). Similarly, repayment
history is the only factor that determines the PAYDEX Score, which is a leading measure of
reputation for small business credit (Dun and Bradstreet Credibility Corporation 2015). In
this paper, we study how reputation evolves through repayment and default in a dynamic
model of credit markets with private information. In particular, we show the conditions
under which repayment history resolves asymmetric information costlessly.

In our baseline model, borrowers live for three periods and roll over one-period debt in
each period. There are two types of borrowers, good and bad. Both types of borrowers have a
pledgable asset that can be used as collateral, whose income is volatile. Only good borrowers
have a non-pledgable asset that cannot be used as collateral but generates unobservable
income. Borrowers maximize net worth, as perceived by the lender or outside investors,
which is increasing in reputation (i.e., the probability that the borrower is good). The
lender is risk neutral and prices debt to break even, conditional on reputation. Reputation
is updated through Bayes’ rule, based on repayment versus default and the amount of new
debt issued conditional on repayment.

Good borrowers have an incentive to signal their type through a strategic path of debt
that reveals the presence of unobservable income. Bad borrowers have an incentive to mimic
the path of debt, whenever feasible, to delay or prevent the revelation of their type. When
the volatility of the collateral value is low, good borrowers are able to fully separate by raising
debt and subsequently paying it down with unobservable income. Bad borrowers, who do
not have unobservable income, must roll over higher debt in order to repay. Therefore, the
ability to deleverage signals that a borrower is good. The revelation of private information
through deleveraging is costless in the sense that there is no default in equilibrium.

When the volatility of collateral is higher, full separation is no longer possible through
deleveraging alone. The amount of debt that is necessary for full separation may force bad
borrowers to default if the collateral value falls. Although good borrowers do not default, they
still bear an ex-ante cost for the possibility that bad borrowers default, through a higher
interest rate that arises from adverse selection. This interest cost from a higher default
probability is a direct cost that arises from private information only, since deadweight costs
of default are absent in our baseline model. In choosing the optimal amount of debt, good

borrowers must trade off the benefits of revealing their type against the interest cost of



issuing more debt. The nature of the tradeoff depends critically on the volatility of collateral
values because the benefit of separation is constant, whereas the cost in terms of higher
interest rates rises with collateral volatility.

When the volatility of collateral is intermediate, the benefit of separation outweighs
the interest cost of higher debt, so that there is full separation in equilibrium, sometimes
involving default. Good borrowers raise sufficiently high debt so that, if the collateral value
subsequently falls enough, bad borrowers are forced to default. If the collateral value rises
instead, good borrowers can fully separate by deleveraging.

When the volatility of collateral is high, the interest cost of higher debt outweighs the
benefit of separation, so that full separation is no longer optimal. Good borrowers raise
relatively low debt so that, if the collateral value subsequently falls, they can fully separate
by deleveraging. If the collateral value rises instead, the low level of debt rules out separation
because even bad borrowers can repay by rolling over little debt.

In summary, how much it costs to reduce asymmetric information frictions rises with the
uncertainty about collateral values. When the volatility of collateral is low, deleveraging is a
costless way for good borrowers to reveal their type, and asymmetric information is always
solved. When the volatility of collateral is intermediate, the revelation of private information
entails default by bad borrowers if the collateral value falls. Even though asymmetric infor-
mation is always solved, it is costly for good borrowers to convey such information. When
the volatility of collateral is high enough, the cost of revealing private information is high
enough so that the asymmetric information problem is not solved in all states of the world.

This paper shows then that the possibilities to use credit to relax information frictions
over time critically depends on the characteristics of the assets used as collateral. In partic-
ular, the less volatile is the collateral, the easier and cheaper it is for borrowers to use the
dynamics of credit to signal their type.

Ours is not the first model in the literature to argue that managing credit can be useful
to reveal information about borrowers’ private information. However, to the best of our
knowledge, this is the first model that argues that it is not the level of credit, but rather the
change in credit what reveals private information, and that the evolution of collateral assets
is critical for the cost and feasibility of information revelation. Furthermore, we also show
that the data strongly supports the testable predictions of our dynamic model in comparison
to the other models suggested by the literature.

Static models of credit markets with private information, pioneered by Ross (1977) and

Leland and Pyle (1977), predict that good borrowers use high leverage to reveal their type.E]

IThis literature was extended by Heinkel (1982) to study managers with different objective functions,
Blazenko (1987) and John (1987) to study projects with different mean returns and Brick, Frierman and



Moreover, these static models predict that good borrowers default with higher probability
because the higher deadweight cost of default is precisely what they use to signal their type.

Our work complements recent effort to extend models of credit markets with private
information to a dynamic setting, such as Hennessy, Livdan and Miranda (2010) and Morellec
and Schiirhoff (2011). These previous papers essentially reduce the optimal choice of debt
to a static problem, by assuming that private information is short-lived or that debt is a
one-time choice in a real options framework. In contrast, our work allows for a richer set
of signaling strategies through an optimal path of debt, which are ruled out by assumption
in this literature. On the other hand, these previous papers model optimal investment
choice, which we abstract from in order to isolate the effect of credit on solving asymmetric
information problems. Indeed, in our setting there is no benefit from raising debt (other
than signaling firms’ types) and there is no deadweight cost of default (other than the higher
interest rate good borrowers have to face due to adverse selection).

The rest of the paper is organized as follows. In Section [2, we set up a dynamic model
of credit markets with private information and uncertainty about the collateral value. In
Section (3| we characterize some important properties of the equilibrium that will be used to
prove our main results. In Section [4) we present our main results on how the dynamics of
collateral value shape the revelation of private information through deleveraging or default.

Section [Al concludes.

2. A Dynamic Model of Credit Markets

In this section, we extend the classic model of credit markets with private information
(Ross 1977) to a dynamic setting and also allow for uncertainty in collateral value. The
dynamic model introduces a richer set of signaling strategies through the path of debt,
which may reveal private information in equilibrium. Uncertainty affects the precision of
these signaling strategies and, therefore, whether information revelation happens or not, and

if it happens whether it entails default in equilibrium or not.

2.1. Pledgable and Non-pledgable Assets

There are two types of assets, pledgable and non-pledgable, which generate stochastic income
streams. The pledgable asset can be used as collateral in credit transactions, whereas the non-

pledgable asset cannot be used as collateral. Loosely speaking, we think about the pledgable

Kim (1998) to study projects with different variance of returns. For an excellent survey of this literature see
Harris and Raviv (1991).



asset as tangible or verifiable (e.g., land, plant, or equipment) and the non-pledgable asset
as intangible or non-verifiable (e.g., innovative ability, managerial skill, or organizational
structure).

The pledgable asset generates an observable income X; in each period ¢, which follows a

martingale:
Et[XH-S] = X;. (1)

Let R denote the gross riskless interest rate in the credit market, which satisfies R?(R—1) < 1.

The value of the pledgable asset is the present value of its income:

E, [Xt+1 + V] i E[X¢ts] Xy

R°  R-1 )

Vi, =
s=1
The non-pledgable asset generates unobservable income Y; in each period ¢, which also

follows a martingale:
E[Yiys] = Vi (3)

We assume that all income is perishable and must be immediately consumed or used to
repay debt. By assuming away hidden savings, we simplify the analysis without affecting

the substance of our results.

2.2. Borrowers with Private Information

There are two types of borrowers, “good” and “bad”. Both types of borrowers are endowed
with a unit of the pledgable asset. Only good borrowers are also endowed with a unit of
the non-pledgable assetﬂ Whether a given borrower is good or bad is private information
to the borrower, which arises from the unobservability of whether the borrower owns the
non-pledgable asset that generates unobservable income.

Each borrower is in the credit market for at most three periods, which we denote as
t € {1,2,3}. Let Fy denote the face value of existing debt that is due in period 1 and
7o € (0,1) denote the lender’s prior that a borrower is good in period 1. We use the term

“reputation” to refer to the lender’s subjective probability that a borrower is goodﬂ

2The assumption that bad borrowers do not have the non-pledgable asset is just normalization. The key
assumption is that bad borrowers have non-pledgable assets that are poorer in quality than non-pledgable
assets of good borrowers (e.g., poor innovative ability, poor managerial skill, or poor organizational structure).
3Here we simply assume the prior my is exogenous, but it can be endogenized as in Atkeson, Hellwig
and Ordonez (2014), capturing the mass of borrowers who choose to invest in non-pledgable assets and



Suppose a borrower enters period ¢ € {1,2} with maturing debt F; ; and reputation
m;_1. The borrower receives income X; + Y, if good or X; if bad. The borrower can either
repay the face value of maturing debt or default. Let D;, denote the default boundary such
that it is feasible and optimal for a borrower of type i = {g,b} (i.e., good or bad) to repay if
F,_1 < D,; and to default otherwise. To repay its maturing debt, the borrower can use its
income as well as the proceeds from issuing new one-period debt with face value F;; at the
equilibrium price P;. Conditional on repayment, the lender updates reputation to m;. Note
that not only repayment, but also the face value of new debt, can serve as signals for the
updating of reputation. Conditional on default, the lender takes possession of the collateral
(i.e., the pledgable asset and its income in period ¢) and updates reputation to 7.

The borrower essentially faces the same problem in period 3. The only difference is
that instead of issuing new debt, it can sell the pledgable asset at market value to repay
its maturing debt. Therefore, only repayment can serve as a signal for the updating of
reputation in the terminal period.

Following Ross (1977), we assume that the borrower maximizes net worth, as perceived
by the lender (or outside investors with knowledge of only reputation). The value of the

non-pledgable asset in period 3 is

m3Y3

W3 = 4

,= o (@)
in the case of repayment and

Wy = 5

T R-1 %)

in the case of default. That is, the value of the non-pledgable asset is equal to the probability
that the borrower owns the non-pledgable asset times its value conditional on ownership. Let
1,(i) be an indicator function that is equal to one if the borrower is good and zero otherwise.

The net worth for a borrower of type i in period 3 is

{X3+1g(i)%+%+W3—F2 if Dy > F ©
7,3 —

1g<Z>Y:0, + Wg if Di73 < Fy

In the case of repayment, net worth is income plus the terminal value of both types of assets
minus the face value of maturing debt. In the case of default, net worth is the terminal value

of the non-pledgable asset and (for a good borrower) its income.

participate in credit markets.



We define the borrower’s net worth in period t € {1,2} recursively as

g Xe+1,(0)Y; + PF, — Fyq + W it Dy > F,y (1)
U L,(0)Y + Wy if Dy < Froy |
where
3—t . ~ . ~
= Li(OE[Yers] | EifmsYs] (R —1)1,(i) + 7)Y,
Wie = ; R R(R-1) R*¥{(R—1) ‘ (8)

In the case of repayment, net worth is income plus the net proceeds from rolling over debt
plus the borrower’s continuation value. In the case of default, net worth is the terminal
value of the non-pledgable asset and (for a good borrower) its income through period 3.
Note that once a borrower defaults in period 2, there is no further updating of reputation

so that T3 = m,.

2.3. Lenders

The representative lender is risk neutral and earns an expected return R on each loan. The
lender does not know whether a given borrower is good or bad. However, the lender updates
reputation based on repayment versus default and the amount of new debt conditional on
repayment.

We assume throughout that Fy < X; such that there is never default in period 1. Simi-
larly, the assumption of a terminal period implies there is no refinancing in the last period.
This implies that lenders update reputation based on the level of debt issued in period 1,
based on both the level of debt issued and default decisions in period 2, and only based on
default decisions in period 3.

More specifically, conditional on repayment in period ¢ € {1,2}, the lender updates

reputation through Bayes rule:

(1—m 1) Pr({Dpe > Fiaf N {Fp = Ft})} B (9)

= {1+
' { T Pr({ Dy > Fia} N {Fy: = Fi})

This formula accounts for the fact that not only repayment, but also the face value of new
debt F}, potentially reveals private information about the borrower type. Conditional on

repayment in period 3, the terminal reputation is

Ty = [1 L (L=m) Pr(Dys > FQ)]—l‘

10
T2 PY(D973 Z Fz) ( )



That is, the lender updates reputation based on repayment alone because there is no choice of
new debt in the terminal period. Conditional on default in period ¢, the terminal reputation
is

-1
(]_ — 7Tt_1) PI‘(Db’t < Ft—l)

=~ _ |1
e + Tt—1 PI‘(Dgﬂg < Ft—l)

(11)

In order to characterize the equilibrium, we must make auxiliary assumptions about
beliefs off the equilibrium path. We make a natural assumption that repayment is assumed
to be good if all borrowers default in equilibrium. Similarly, default is assumed to be bad if

all borrowers repay in equilibrium.ﬁ We state our assumptions more formally as follows.
Assumption 1. The lender’s off-equilibrium beliefs are given by

Ty = 1 Zf PI‘(Dg’t Z Ft—l) = Pr(Db,t Z E—l) = 07
=01 Pr(Dyy < Fy—1) = Pr(Dy, < Fy—1) = 0.

In period t € {1,2}, the lender’s break-even condition determines the equilibrium price

of debt P,, given face value F; and reputation m:
PtFt = Wth,t + (]. - Wt)Cbﬂg, (].2)

where

= Pr(D; 11 > Fo)Fy 4+ Pr(D; 141 < F)Ei[Xei1 + Viga| D1 < F (13)
it = )
’ R

That is, the lender breaks even if the value of debt is equal to the expected repayment
discounted at R. The expected repayment is equal to the probability that the borrower is
good multiplied by good borrowers’ expected repayment levels plus the probability that the

borrower is bad multiplied by bad borrowers’ expected repayment levels .

2.4. Timing and Summary of the Model

The borrower can signal through the amount of new debt in periods 1 and 2 and through

repayment in periods 2 and 3. We summarize the model as follows.

Period 1. The borrower starts with face value of debt Fy < X; and reputation 7.

(a) The borrower receives income X; + Y] if good and X; if bad.

4These restrictions on off-equilibrium beliefs arise naturally from the application of the intuitive criterion.



(b) The borrower issues new debt with face value F at the equilibrium price P;. The

lender updates reputation to 7.
Period 2. The borrower enters with face value of debt F; and reputation 7.

(a) The borrower receives income Xs + Y5 if good and X5 if bad.
(b) The borrower decides whether or not to repay Fj.

e In the case of repayment, the borrower issues new debt with face value F3 at

the equilibrium price P,. The lender updates reputation to ms.

e In the case of default, the lender takes possession of the pledgable asset (i.e.,
X3 + V3) and updates reputation to mz. The borrower’s terminal value is the

non-pledgable asset and its income (i.e., 1,(4)Ys + /I/IZQ)

Period 3. In the case of repayment in period 2, the borrower enters with face value of debt F,

and reputation 7.
(a) The borrower receives income X3 + Y3 if good and X3 if bad.

(b) The borrower decides whether or not to repay Fb.

e In the case of repayment, the lender updates reputation to ms.

e In the case of default, the lender takes possession of the pledgable asset (i.e.,
X3 + V3) and updates reputation to w3. The borrower’s terminal value is the

non-pledgable asset and its income (i.e., 1,(2)Y3 + Wg)

3. Properties of the Equilibrium

In this section, we characterize some important properties of the equilibrium that do not
depend on additional distributional assumptions. We will use the lemmas in this section to

prove our main results in Section

3.1. Borrowers’ Maximization Problem

In period 3, a borrower of type i can repay its maturing debt if

X3+ 1,(1)Ys + V3 > F. (14)



That is, the borrower can repay if its income plus the value of the pledgable asset exceeds
the face value of maturing debt. Moreover, equation @ implies that it is optimal for the

borrower to repay if
Xs+ Vs + W3 — Wy > B (15)
Combining both feasibility and optimality, the default boundary in period 3 is
Dis :X3—|—V3+min{lg(i)Y3,W3 —’Wg}. (16)
In period t € {1,2}, a borrower of type i can repay its maturing debt if
Xi+1,(0)Y, + max Ply > Fy . (17)

That is, the borrower can repay if its income plus the maximum amount of new debt that it
can issue exceeds the face value of maturing debt. The following lemma establishes the condi-
tion under which repayment is optimal, which implies the default boundary when combined

with feasibility.

Lemma 1. In period t € {1,2}, the borrower’s net worth is

g Xe+1,0)Y, +Vi+ Wiy — Fy if Dy > Fry (18)
it — . = . )
1,(4)Y; + Wiy if Diy < Fyy
where the value of the non-pledgable asset conditional on repayment is
1,(0)Y; + Pr(D; 01 > F)EW, 41| D;s 41 > F
Wi = = (1,00) — ) Gy — ) + 2 P Brnn 2 PRIt D 2 11
Pr(D; 11 < Fy)E, [/VIZ,mIDi,m < Fy
: 19
+ - (19)
The default boundary is
D;; = X, +V; +min {1g(i)Yt + max PF, -V, W, — /I/Izt} , (20)

10



where

Wip = Wip = = (14(2) = m)(Cgp — Ciot) + t[};:it(t]gl]— 1) -
Pr(D; 41 > F)E, |:Wi,t+1 - /V[Z‘,t+1|Dz‘,t+1 > Ft]

+ (21)

R

Proof. We show that equations and are equivalent by induction. Suppose equation
holds for period ¢t + 1. Then

Ei[J;141] :Pr(Di,t—H > F)E( X1 +1,(0) Y1 + Vigr + Wigir — Fi|Dip1 > B

R R
Pr(Disi1 < FE: [14()Yi1 + Waea| Dissa < Fi
+
R
Pr(D; 1 > F)E1,(1)Y; Wiita1|Disp1 > F
=V, — Cyy + 1(Djpp1 > Fy)E[14()Yi1 + Wi |Dig ]
R
Pr(Dig1 < F)By | 1,())Yir1 + Wie1| Dy < Fi|
. 22
- — (22
Substituting equations and into equation , equation holds for period t.
Equations and imply equation ([20)). O

In the case of repayment in period ¢t € {1,2}, the borrower chooses F; to maximize its
net worth . However, all the components of net worth are pre-determined, except for the
value of the non-pledgable asset. Therefore, the borrower’s maximization problem reduces

to

max W, subject to X; +1,(4)Y; + P,F}, > Fy_q. (23)

3.2. Benchmark without Private Information

The only friction in our model is private information about whether or not the borrower
owns the non-pledgable asset. The benchmark without private information is a special case
of our model where reputation has converged to m;,_1 € {0, 1}. In this special case, we recover

the standard result that debt (or leverage) is indeterminate.

Lemma 2 (Modigliani and Miller (1958)). If F;_1 < X; and m—q € {0,1}, borrowers are
indifferent between any amount of debt such that P,F, < V. The equilibrium interest rate is
Pt =R.

11



Proof. When there is no further updating of reputation, the value of the non-pledgable asset

is Wiy = /V[Zt That is, the borrower’s objective function is independent of F;. Therefore,
the borrower is indifferent between any amount of debt such that repayment is feasible (i.e.,

PF, > F_1 — Xy — 1,(4)Y;). Moreover, the maximum amount of new debt is

b _Pr(Xin Vi > F)F 4 Pr(Xo + Vier < F)BXe1 + Vi | Xe1 + Viar < F)
tLt —
R

<PT(Xt+1 + Vigr > F)EXep1 + Vi | X1 + Vi > Fi
- R
n Pr(Xii1 + Vier < FH)E( X1 + Vi1 | Xe1 + Vi < B
R
=V, (24)

with equality when Fy = E;[ X1+ Vi1 X1+ Vi1 > F]. That is, debt is fully collateralized
and riskless. O

3.3. Signaling under Private Information

In the presence of private information, good borrowers have an incentive to signal through
repayment versus default and the amount of new debt conditional on repayment. Bad
borrowers have an incentive to mimic the good in order to delay or avoid the revelation of
private informationﬁ This incentive arises from two sources. The first source is that bad
borrowers pay interest that is lower than under perfect information, given that they are more
likely to default in the future. This incentive is captured by the first term, 7,(Cy, —Ch¢) > 0,
in equation . The second source is a higher terminal value of the non-pledgable asset, if
bad borrowers can altogether avoid revealing their type. This incentive is captured by the
last two terms in equation ([19)).

The following lemma formally establishes that bad borrowers are more likely to default
than the good.

Lemma 3. The default boundary for good borrowers is higher than that for bad borrowers:
Xi+Vi<Dy, <Dy <Xy + Y + V. (25)

If the event of full separation in period t, the first and third inequalities are equalities, and

the second inequality is strict.

Proof. The proof is in [Appendix A} O

5To simplify the statement of our results, we follow the convention that bad borrowers mimic good
borrowers in knife-edge cases of indifference.

12



In our model, reputation either remains the same or updates fully to one or zero for good
and bad borrowers, respectively. Since collateral shocks are the only source of uncertainty
in this model, the borrower’s action is either fully revealing or not at all, conditional on
the realized shockﬁ The following lemmas establish whether or not there is full separation,

depending on the face value of maturing debt and the realized collateral value.

Lemma 4. Suppose Fy_y; < X; in period t € {1,2}, or F5 < Dy 3 in period 3. All borrowers

repay, and private information is not revealed in equilibrium.
Proof. If F;_1 < Xi, both types of borrowers can repay when borrowing P, F;, > F;_1—X;. [

Lemma 5. Suppose Fy_y € (X, Dy] in period t € {1,2}. Borrower type is fully revealed in

equilibrium. Good borrowers repay maturing debt by borrowing
Rmax{0,F,_y — X; = Y} < [, < R(F;—1 — X3).
Bad borrowers repay maturing debt by borrowing
R(F,_1 — X;) < F, < RV,.

Proof. In this region, it is optimal for all borrowers to repay. Good borrowers can repay by
borrowing at least P,F; > max{0, F,_; — X; — Y;}. Bad borrowers can repay by borrowing
at least PF, > F,_1 — X,;. Therefore, good borrowers can separate by borrowing at most
P, F, < F,_1 — X;. Lemma [2[implies that the equilibrium interest rate is Pt_l = R. ]

Lemma 6. Suppose F;_y € (Dyy, Dy4] in any period t. Only the bad borrowers default, so
that borrower type is fully revealed in equilibrium. In period t € {1,2}, good borrowers repay

maturing debt by borrowing
Rmax{0, F,_ 1 — X, - ¥;} < F, < RV

Proof. In this region, bad borrowers are forced to default. In period ¢ € {1,2}, good bor-
rowers can repay by borrowing at least P,F; > max{0, F;_; — X; — Y;}. Lemma 2 implies
that the equilibrium interest rate is P, = R. [l

Lemma 7. Suppose F,_y > Dy, in any period t. All borrowers default, and private infor-

mation is not revealed in equilibrium.

6Tt is straightforward, but complicates the exposition, to also assume shocks to the non-pledgable asset,
or shocks to borrowers’ types, such that reputation is updated gradually and there is never full revelation of
the borrower’s type.

13



These lemmas combined imply that there are potentially two ways in which the borrower’s
type is fully revealed in period 2. If maturing debt is low as in Lemma/5] good borrowers can
reduce their debt by repaying with unobservable income. Bad borrowers, who do not have
unobservable income, must roll over higher debt in order to repay. Therefore, rolling over
debt by issuing a lower level of new debt signals that a borrower is good since only borrowers
with non observable income are able to follow such strategy. If maturing debt is higher as in
Lemma [0 good borrowers can repay with their unobservable income, while bad borrowers
are forced to default. In this case, then, repayment signals that a borrower is good.

Previous lemmas take as given F;. However F} is an endogenous choice for borrowers in
period 1. Good borrowers can issue relatively low debt to prepare for signaling by delever-
aging or issue higher debt to prepare for signaling by forcing default. If the volatility of
collateral is sufficiently low, good borrowers prefer to issue relatively low debt in period 1

to fully separate by deleveraging in period 2. This is because equation (19 implies that the

value of the non-pledgable asset is W ; = R)El under deleveraging and

Y,

Wie=—-(1- 7Tt)<Cg,t — Cht) + L1

(26)

under forcing default. Forcing default is costly because good borrowers have to pay higher
interest in period 1, captured by the first term in equation , due to adverse selection.
If the volatility of collateral is sufficiently high, it is not possible for good borrowers
to fully separate by deleveraging. Intuitively, when the volatility is high, good borrowers
have to raise large amounts of debt in period 1. Otherwise, when the value of collateral
rises, bad borrowers would be also able to repay just using collateral, avoiding information
revelation. However, raising large amounts of debt introduces the risk that in case the value
of collateral drops, good borrowers have to default. In that case, good borrowers must trade
off the benefit of separation against the interest cost of higher debt because the probability
of default. We analyze how this tradeoff depends on the volatility of collateral in the next

section.

4. Signaling through Deleveraging or Default

In this section we analyze the tradeoff between the benefit of separation and the interest cost
of higher debt. For expositional convenience we now make additional parametric assump-
tions. First, we assume that unobservable income is a constant proportion of observable
income. Moreover, unobservable income is less than the collateral value, so that signaling

through repayment from unobservable income is non-trivial.

14



Assumption 2. Unobservable income is a constant proportion y of observable income.

Moreover, unobservable income is less than the collateral value. That is,

_Yt<Xt+Vt_ R
X, X, R-1

Y

Second, we assume that observable income follows a binomial version of the geometric
random walk. This assumption allows focusing the analysis to a manageable number of

cases.

Assumption 3. The growth rate of observable income is distributed as

Tt =

X T with probability 1 — p
X | oz

with probability p
where T >z and (1 —p)T + px = 1.

There are only two free parameters between x, z, and p because of the normalization that
the mean growth rate is one. In characterizing the equilibrium, it is convenient to divide the
parameter space into regions along E and (1—p)Z, as illustrated in Figure . We analyze the
region (1 —p)T > 0.5 in this section and leave its complement (1 — p)Z < 0.5 to|[Appendix C|

4.1. Low Volatility of Collateral

When the volatility of collateral is low, the equilibrium can be described as full separation

through deleveraging. We state the result formally in Proposition [I}

< £ In period 1,

Proposition 1. Suppose the volatility of collateral is low. That is, Yo}

18 18]

all borrowers borrow X 1T < Fy < RVix at the interest rate Pfl = R.
In period 2, borrower type is fully revealed. Good borrowers repay maturing debt by

borrowing
Rmax{0, F} — Xy — Y2} < F, < R(F} — Xy).
Bad borrowers repay maturing debt by borrowing
R(Fy — X5) < F, < RV,.

Proof. Lemma [J] in implies the equilibrium in period 1. Lemma [5] implies the
equilibrium in period 2. O
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Figure 1: Regions of the Parameter Space.

Figure [2] is a graphical illustration of Proposition [ The figure shows the equilibrium

range of debt, normalized by collateral value to be in units of leverage (i.e., & {/f t), for both
types of borrowers. In period 1, all borrowers start with the same amount of debt. Note that
the equilibrium range of debt is narrower than in the benchmark without private information
(Modigliani and Miller 1958), where leverage is indeterminate between zero and one. In
period 2, good borrowers fully separate by reducing debt, while bad borrowers are forced to
roll over higher debt.

The intuition for Proposition [1}is straightforward. In period 2, good borrowers can fully
separate by deleveraging if the face value of maturing debt F} is greater than observable
income Xs. If that condition is satisfied, good borrowers can repay maturing debt from their
observable income, part of their unobservable income, and the remainder from issuing new
debt. Bad borrowers, who do not have unobservable income, must issue a higher amount of

new debt. In period 1, good borrowers must borrow at least F} > X7 > X, in order to

ensure separation in period 2, even if the realized observable income is high.
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Figure 2: Equilibrium Debt for Low Volatility of Collateral. The range of leverage in period
2 is conditional on choosing the median within the range in period 1.

Bad borrowers repay in period 2 as long as the face value of maturing debt F} is less
than the collateral value X, + V5. Therefore, good borrowers cannot borrow more than
F < RViz < X5, 4+ V5 to ensure that bad borrowers do not default, even if the collateral
value falls. As discussed in Section [3] good borrowers prefer not to force default since they
bear an adverse selection cost through higher interest in period 1.

The range of equilibrium debt in period 1 shrinks as the volatility of collateral rises.
This is because the lower bound on debt must rise to ensure full separation, even if the
collateral rises in period 2. At the same time, the upper bound on debt must fall to prevent
bad borrowers from defaulting, even if the collateral value falls in period 2. The range of
equilibrium debt shrinks until it becomes a point at which X1 = RViz, which is equivalent
to % = %. Denote such point F} = X;Z7 = RVijz. If the borrower takes debt for more
than F, it would force default by bad borrowers in case the value of collateral falls in the

subsequent period. If the borrower takes debt for less than F; bad borrowers would be
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also able to repay without raisin new debt in case the value of collateral increases in the
subsequent period.

Therefore, full separation through deleveraging alone is possible only as long as the
volatility of collateral is sufficiently low (i.e., £ < %). In the next subsection, we examine
the case where the volatility of collateral is hiéher.

Recall at this point that private information is the only friction in our baseline model.
In particular, we do not have deadweight costs of default, which is the key friction that
allows good borrowers to signal through higher debt in the static model of Ross (1977).
Deadweight costs would not alter our conclusions in Proposition [1| because full separation is
achieved without default. Put differently, leveraging followed by deleveraging is a superior

way of signaling in a dynamic setting, which is ruled out by construction in a static model.

4.2. Higher Volatility of Collateral

When the volatility of collateral is intermediate, the equilibrium can be described as full

separation through deleveraging or default. We state the result formally in Proposition [2]

Proposition 2. Suppose the volatility of collateral is intermediate. That is, = < T <

’ R-1

1818

min{d, o, z}, where

R
d = —
g,2 R—l_'_y’

R (1-pzy
R—1 RE-1)

z =

In period 1, all borrowers borrow Fy > X\T at an interest rate P, ' > R that satisfies

(1-(1—=m)p)F n (1- Wo)pxlz'

P F, =
11 R R—1

If the collateral value falls in period 2 (i.e., xo = x), only the bad borrowers default, so

that borrower type is fully revealed. Good borrowers repay maturing debt by borrowing
RmaX{O,Fl - XQ - }/2} S F2 S R‘/Q

If the collateral value rises in period 2 (i.e., x5 = T ), borrower type is fully revealed. Good
borrowers repay maturing debt by borrowing Fy = 0. Bad borrowers repay maturing debt by
borrowing 0 < Fy < RV5.

Proof. Lemma [J in implies the equilibrium in period 1. Lemma [6] implies the
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equilibrium if the collateral value falls in period 2, and Lemma [5] implies the equilibrium if

the collateral value rises instead. O

I Good borrowers
I Bad borrowers

0.9

0.8

0.7

0.6

0.5

Leverage
T

0.4

0.3

0.2

0.1

0 —
1 2 (Low) 2 (High)
Period (Collateral value)

Figure 3: Equilibrium Debt for Intermediate Volatility of Collateral. The range of leverage
in period 2 is conditional on choosing the median within the range in period 1.

Figure [3] is a graphical illustration of Proposition [2] In period 1, all borrowers start
with the same amount of debt. If the collateral value falls in period 2, good borrowers fully
separate by repaying, while bad borrowers default. If the collateral value rises in period 2,
good borrowers fully separate by reducing debt, while bad borrowers are forced to roll over
higher debt.

When the volatility of collateral is high, the equilibrium can be described as partial
separation through deleveraging. We state the result formally in Proposition

Proposition 3. Suppose the volatility of collateral is high. That is,

1818

> min{dyo, z}. In
period 1, all borrowers borrow Xz < Fy < RVix at the interest rate Pfl = R.
If the collateral value falls in period 2 (i.e., xo = x), borrower type is fully revealed. Good
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borrowers repay maturing debt by borrowing
Rmax{0, F} — Xy — Y2} < F, < R(F} — X3»).
Bad borrowers repay maturing debt by borrowing
R(Fy — X5) < F, < RV,.

If the collateral value rises in period 2 (i.e., x5 = T ), private information is not revealed.
All borrowers repay maturing debt by borrowing Fy > RVLT at an interest rate Py ' > R that

satisfies

F:
PyFy = Vo + mo(1 — p) (ﬁ—Vﬂ) )
Note that debt is unsecured since PoFy > V. Subsequently, if the collateral value falls in
period 8 (i.e., x3 = x), all borrowers default, so that private information is not revealed.
If the collateral value rises instead (i.e., x3 = T), only the bad borrowers default, so that

borrower type is fully revealed.

Proof. Lemma [J in implies the equilibrium in period 1. Lemma [5| implies the
equilibrium if the collateral value falls in period 2, and Lemma [§ in implies
the equilibrium if the collateral value rises instead. Lemma [7] implies the equilibrium if the
collateral value subsequently falls in period 3, and Lemma [6] implies the equilibrium if the

collateral value rises instead. O

Figure [4] is a graphical illustration of Proposition [3] In period 1, all borrowers start
with the same amount of debt. If the collateral value falls in period 2, good borrowers fully
separate by rolling over lower debt than the bad borrowers. If the collateral value rises in
period 2, all borrowers raise the same amount of debt that is higher than the collateral value.

We now discuss the intuition for Propositions[2/and |3, by sketching the essential elements
of the formal proofs in the appendix. As discussed in the last subsection, full separation
through deleveraging is not possible when £ > %. Good borrowers then face a tradeoff
between costly full separation and partial se}mmtion.

Costly full separation occurs if good borrowers issue F; > X7, as in Proposition [2| The

value of the non-pledgable asset under this strategy is

(27)

F; X Y]
Wg,1 _ _(1 . 7To)p ( 1 1Z ) 1

R R-1)"R-1
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Figure 4: Equilibrium Debt for High Volatility of Collateral. The range of leverage in period
2 is conditional on choosing the median within the range in period 1.

The first term is the interest cost of debt in period 1, which arises from the default of bad
borrowers in period 2 if the collateral value falls with probability p. To minimize this cost,
good borrowers optimally choose Fj that is arbitrarily close to X;Z. The second term is the
benefit of full separation. Note that the benefit is constant, whereas interest cost rises in the
volatility of collateral.

Partial separation occurs if good borrowers issue F; < RVjz, as in Proposition 3} Under
this strategy, good borrowers essentially avoid the interest cost of higher debt, at the cost
of not being able to fully separate in all future states. The value of the non-pledgable asset

under this strategy is essentially

Y, 1-— 1 — p)zpxY;
ng _ 1 ( 7To)( p)xpg 1'

T R-1 RY(R—1) (28)

The first term is the benefit of full separation. The second term accounts for the fact that

good borrowers cannot separate if the collateral value rises in period 2 with probability 1—p,
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then falls in period 3 with probability p.
Comparing equations and , good borrowers prefer costly full separation to partial

separation when

Xz Xz ) (I —m)(1 —p)TpzY) (20)

(11—
( Wp(R R_1 R(R—-1)
which is equivalent to

B (-pzy _
R—1 " R(R—1)

I, .
£

That is, good borrowers prefer costly full separation when the volatility of collateral is
sufficiently low. As the interest cost of debt rises in volatility, the optimal strategy switches
to partial separation at the point z. Note that this point does not depend on the mass
of good borrowers 7y, which drops out of inequality . Even if costly full separation is
preferred, it may not be feasible if the face value of debt must be so high that even good
borrowers would want to default. Therefore, the boundary between Propositions [2 and |3] is
the minimum of z (i.e., the point at which partial separation becomes preferred) and d, -

(i.e., the point at which full separation becomes infeasible).

5. Conclusion

Borrowers who hold assets generating cash flows that are not easily observable by others, can
use debt dynamics to signal their holding of those assets. In particular borrowers would like
to raise debt and then pay it back using the unobservable income, and in this way signal their
higher repayment possibilities. We have developed a dynamic model of signaling through the
use of debt, extending the related literature dominated by static models. We find that the
effectiveness of using debt to signal non-observable assets critically hinges on the dynamic
characteristics of observable assets that are used as collateral.

The model delivers testable implications that contrast with implications from static mod-
els. Using data of firms leverage (as a proxy of debt) and credit ratings (as a proxy of
reputation) we show empirically that the data supports our predictions. First, deleveraging
firms experience an increase in credit ratings. While these firms also experience a reduction
in credit ratings when they leverage, this effect is not symmetric, with deleveraging having a
stronger effect in the change of credit ratings. Second, firms with lower ratings are those that
experience larger increases of credit ratings when deleveraging. Finally, when the volatility

of a firm’s collateral is low, then deleveraging induces a larger increase in credit ratings.
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Our model has relevant implications for aggregate dynamics once we consider the evolu-
tion of systematic components in the value of assets used as collateral. During the financial
crisis, we witnessed considerable deleveraging for both households and firms alike. A lead-
ing hypothesis is that the supply of bank credit dried up during the financial crisis, which
caused households and firms to become financially constrained. This supply-driven channel
is undoubtedly important, but the empirical evidence suggests that it might not be the en-
tire story. An important part of deleveraging seems to be explained by the decline in the
demand for debt by both households and firms alike (Brown, Haughwout, Lee and van der
Klaauw 2013, Kahle and Stulz 2012).

A leading hypothesis for the decline in the demand for debt is precautionary saving. That
is, households and firms effectively became more risk averse due to higher macroeconomic
uncertainty. In this paper, we highlight another possibility: leverage cycles may play an
important role in resolving adverse selection in credit markets. In a sense, deleveraging in our
setting has the benefit of improving information flows in credit markets. During downturns
private information about credit quality is revealed in equilibrium, as bad borrowers cannot
pay down debt or are forced into delinquencies or default. We have shown that the revelation
of information is likely to be more effective during periods in which collateral values decline,
such as in periods of declines in housing prices, or in economic downturns accompanied by
a decline in stock prices.

We show empirically, however, that these predictions are counterfactual (which is also
shown using different approaches by Rajan and Zingales (1995), Fama and French (2002)
and others) ][]

Our work offers an alternative theory of credit or leverage cycles in the aggregate econ-
omy — a period of aggregate leveraging followed by aggregate deleveraging or a wave of
defaults — if we consider collateral assets with values that experience aggregate fluctua-
tions (such as housing prices). Leverage cycles have been studied by Kiyotaki and Moore
(1997) and Geanakoplos (2009) in very different settings. In Kiyotaki and Moore (1997),
a bad productivity shock leads to deleveraging through the dynamic interaction between
asset prices, collateral constraints, and investment. In Geanakoplos (2009), bad news lead
to deleveraging through the dynamic interaction between asset prices, collateral constraints,
and heterogeneous beliefs. In contrast to these previous papers, deleveraging in our model is
not a consequence of binding collateral constraints. Instead, deleveraging is a consequence
of optimal debt choice in an effort to resolve asymmetric information in credit markets.
Moreover, the previous papers portray deleveraging as a negative feature of credit markets

because it depresses asset prices and output. In contrast, our work highlights a positive side

"A complete survey of this empirical evidence is Klein, O’Brien and Peters (2002)
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of deleveraging, through its role in resolving adverse selection frictions and speeding up the

revelation of useful information about borrowers’ quality.
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Appendix A. Proof of Lemma

We first show that inequality holds in period 3. By equation , it suffices to show
that 0 < w3 — 73 < 1, which would imply that

o Y3
0<W3—W;3< ) Al
<y~ Ty < (A1)
If I, < min{Dy3,D,3}, all borrowers repay their debt. Therefore, equation and As-
sumption (1] imply that 73 = mo and 73 = 0. If Fy, > max{Dy3, D,3}, all borrowers default.
Therefore, equation and Assumption |1| imply that w3 = 1 and 73 = 5.

If Fo € (min{Dy3, D, 3}, max{Dy3, D,3}], we show that Dy3 < D, 3 by contradiction.
Suppose Dy 3 > D, 3. Equations and imply that 73 = 0 and 773 = 1. Equation ({16])
then implies that Dy3 = D3 = X3 + V3 — %, which contradicts Dy 3 > D, 3. Therefore,
Dy 3 < Dy 5. In the event of full separation in period 3, 73 = 1, 3 = 0, and W35 — W\g = RY_3
Therefore, the default boundary simplifies to

1

We now show that inequality holds in period ¢ € {1,2}. By equation , it suffices
to show that

mF@X PtFt 2 ‘/t (AS)
and

— = Y,
0< Wy — Wiy < Wy — Wy < m (A4)
Suppose inequalities and (A4]) hold in period ¢ + 1. The proof is by induction.
Equation implies that

Fy - X1

Cyt — Cpr = Pr(F, € (Dpys1, Dg,t+1])Et B R-1

|F} € (Db,t+17Dg,t+1] >0, (A5)

where the inequality follows from

F, X1 RX;q
— ———— > 0<«<=F, >
R R-17 "= R-1

= X1+ Vi (A6)

and the induction hypothesis. Inequality then follows from maxg, Cpt = V;.

We now prove the first part of inequality . Inequality implies that the first term
in equation is weakly positive for bad borrowers. The third term in equation is
weakly positive by the induction hypothesis. The numerator in the second term of equation
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(21)) can be rewritten as

T Pr(Dgiv1 < Fy)EYii1|Dgyrr < Fy] if Froy <min{Dyy, Dy, }

Pr(Dg,tH < Ft)Et[KtH’Dg,tH < F] if ;. € (Db,t,Dg,t]

-Y; if Fi_1 € (Dgy, Dyyl ’

0 if F;_q > max{Dy;, Di+}
(A7)

Et[%\t-i-lyrt-i-l] - %t}/;‘ =

which is weakly positive unless Dy < Fy_1 < Dy;. In this case, we show that Dy < Dgt by
contradiction. Suppose Dy, > D,;. Equations @ and 1mply that 7, = 0 and 7 7rt = 1.
Moreover, Lemma |2 implies that Dyy1 = Dgq1 and Whtﬂ = VVMH Equations (20) and
. ) then imply that Dy, = Dy = Xy +V, — which contradicts Dy, > Dgyt.
Therefore, Dy; < Dyg;.

We now prove the third part of inequality . Inequality implies that the first
term in equation is weakly negative for good borrowers. If Fy_; < Dy, the sum of the
second and third terms of equation is less than or equal to

Yy
R3—t(R—1)"

T Pr(Dgi1 < Fy)Ey[Yii1|Dg i1 < F] 4 Pr(Dgip1 > F)E Y 11| Dy i1 > F
R3t*(R—1) Rt (R—1)
Y,

< BR-1) (A8)

by equation and the induction hypothesis If F,_, € (Dbt, D, ], the second term of
equation ([21)) is less than or equal to by equation (A , and the third term is zero
by Lemma 2]

We now prove the second part of inequality . Equations and imply that

R3tR1

Wg,t - Wg,t - (Wb,t - Wb,t) =

Y, F; X
Pr(F; € (Dyiv1, Dgey1])Ey [Wg_l) o Et + R t_Hl |Fy € (Dypi1, Dg7t+1]}
Pr(Dyisr 2 BB Woant = Wourt = (Wasss = W) Do = F|
+ . (A9)
R
The first term is positive if
Yii F X Yita
-l >0 F < X +V A10
R R-1) R R-1- PS A Tt Ry (A10)

which holds by the induction hypothesis. The second term is also positive by the induction
hypothesis.

In the event of full separation in period t, maXFt P, F, = maxp, C;y =V, and W;; — VVZ t=
% Therefore, the default boundary (20)) simplifies to
Dy =X+ Vi+1,(1)Ys. (A11)
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Appendix B. Lemmas Used to Prove Propositions [1|to
B]

We let lowercase letters denote the corresponding variables divided by X;. That is, f; = %,

_ D, _ Wiy _ Ciy
di,t - X0 wi,t - X and ci,t - X

Lemma 8. If fi < x5 in period 2, all borrowers borrow fo = dy 3T + €2, for arbitrarily small
g5 > 0, at an interest rate Py' < R that satisfies

it TR itz an
The value of non-pledgable assets for good borrowers is
. _{—(1—m><;—ﬁ+%>+% TE< (B2)
T e g g - G iz

Proof. If f; < x9, Lemma [ implies no updating of reputation in period 2, so that m = 7.
Good borrowers choose f, that maximizes w, 2, and bad borrowers mimic the good.
In period ¢ € {1, 2},

if ft > di7t+1f

R—1
Cit = “‘};)f’f + Rp_gl if f; € (di,t+1L di,t+1f] . (B3)
% if f; <djip12.
If dypy17T < dgyia,
0 - if ft > dgytJrlE
(1-p) (% - R:i1) if fi € (dg,412, dg1417]
Cgt — Cot = f—é — ﬁ if fir € (dpp1T, dgprz] . (B4)
p (% - R%l) if fi € (dpi12, dp 7]
0 if fi < dpya.
Otherwise, if dp 1T > dg 1112,
0 i fi > dgenT
(1-p) (% - Rfl) if fi € (dps1T, dgs417]
Cgt —Cht =14 0 if f; € (dgst12, dps1T] . (B5)
p (% - %) if fy € (dpyy12, dgsq17]
0 if fi <dps12.

We obtain equation (Bl]) by substituting m = m; as well as equations (B4]) and (B5)) into
equation ((12]).
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If dp 37 < dy 32, equations , and (B4)) imply that

(L - % if (1) fo > dysT
~(1=m)(1 =) (§ = 75) + 75— wan” i (2) f2 € (dyoz, dy

wg,Z — (1 — 71-2) ( — %1) —+ % B if (3) - (db 3ZE dg 3?[)] . <B6)
—(1=m)p (——%H%—M it (4) /2 € (A5, dos)
25— () f2 <

R(R—1)

\ R

Note that w, s is decreasing in f, in regions (2), (3) and (4). In the other regions, w, is

independent of f,. Let w,2(n) denote the maximized value of wy o in region (n). wy2(3)

is greater than wg2(2). wy2(4) is greater than wyo(1) and wy2(5). w,2(3) is greater than

wy2(4) when (1 —p)Z > 0.5. Therefore, w, 5 is maximized in region (3) when f, = dj, 37 + €.
If dp 37 > dy 32, equations , and imply that

(Y (1—m2)y

R—1~ R(R-1) f (1) fo>dysT
—(1 =m)(1 =p) (f_R2 - Rz) + R (11;(7;3;%1/ £(2) f2 € (db37, dy3T]
wea =3 75 — G it (3) fu € (dyaz, dysz] . (BT)
~(U=m)p (§ = 75) + 75— SRa 1 (4) 2 € (dyaz, dy )
| 77— g(_};f)f)’ f(5) fa < dpsx.

Note that w, is decreasing in f, in regions (2) and (4). In the other regions, wyo is
independent of fy. wy2(4) is greater than w,o(1), wy2(3), and wy2(5). wy2(2) is greater
than w,2(4) when (1 — p)Z > 0.5. Therefore, w,, is maximized in region (2) when fy =
dbvgf + &9. ]

Lemma 9. If fy < xy in period 1, all borrowers borrow

(T, dyoz] if £ € [1,dp2)
fies Trer  if 2 € [dyz min{dy,z})
(z,dyoz] if £ > min{dys, 2}

for arbitrarily small 1 > 0, at an interest rate P;* < R that satisfies

ng & [1, db,g)
Pify = Utomolnh g Uomlbe 2 ¢ [dy, min{dys,2}) (B8)
zf% > min{d, s, 2},

=l

==

Proof. It fy < x1, Lemma {4 implies no updating of reputation in period 1, so that m = m.
Good borrowers choose f1 that maximizes w,;, and bad borrowers mimic the good

We obtain equation (B8] by substituting my = m; as well as equations (B4)) and (B5]) into
equation (|12)).

In period ¢t € {1,2}, Lemma |3| and Assumption [2| imply that the default boundaries
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satisfy the inequality

R Y
2+
% < R };3 “(R-1) < R+vy < R < db,g.
db7t ﬁ R R - ].
In addition, Lemmas [5] [6] and [§imply that
W — % if f1 € (1‘27 921172]
9:2 w972(2,3) < % if f1 < To ’

where wg, 2(2 3) denotes equation

If % "2 , equations (8} . , and (B10)) imply that

r . .
yr i 1(%12(33)11’) if (1) fu

1 T 1—mo)pzy
~(1=m)(1—p) (5~ 75) + 75~ s @) A
~(1=m) (% — 75) + 75 if (3) /i
wpa = ~(1=mp (§ ~ 75) + 75 (4 f
yost if (5) f1

1-p)7 .
- (1 p) 2 — w,a(2,3)) ¥f (6) f1
| 5 4 (s — wna(23) 7)1

Note that w,; is maximized in region (5) for any fi € (T, dp2x].

If 2

(75~ e () f
1 T 1—mo)px

—(1=m)(1—p) (§ - 757) + 25 — ety () fie

R~ ) £(3) f

Wo1 =19 —(1-m)p (& — 255) + 75 if (4) f1
yom) o if (5) fi

yom i (I_—W 7~ Wg2(2,3)) £(6) f1

| 7~ 5 (7 — e (2,3)) E(T) fi

Note that w,; is maximized in region (5) for any fi € (T, dpox].
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€ [;li—j,db,g), equations (§), (19), (B5)), and (B10) imply that

> dy o7
€ (dg 2z, dy 2T
€ (dp 2T, dg 2]
€ (dpaz, dyoT]
€ (T, dpox]

€ (z,7]
<z

> dg725
(dy 57, d, 7]

(B9Y)

(B10)

. (B11)

(B12)



If% € [dp2,dy2), equations , , (B5), and (B10]) imply that

=t nggo_)f) if (1) f1 > dgo7
_<1 - WO)(l - p) (% - Rf_l) + Ry_l (;gzr]%)ff)y if (2) fl € (db,Zfa dg,Qf]
o (}%;(ﬂ}%)—pll)y if (3) f1 € (dgz, dy27]
—(1=m)p (% = 75) + 75 if (4) f1 € (7, dypa]

Pt = _(1 - ﬂ-U)p (% - R&_l) (B]_S)
_(1*”0)%—;1”)2?52 + % _ (177232211)1))@% if (5) fi € (db,2£, x]
—(omalCoplrer | o, — (omgpiee if (6) f1 € (z, dy ]

| o g~ ey it (7) fi < x

Note that w,; is decreasing in f; in regions (2), (4) and (5). In the other regions, w,; is
independent of f;. Let w,1(n) denote the maximized value of wy,; in region (n). wy1(3)
is greater than wy;(1) and wy1(2). wy1(6) is greater than w,;(3), w,1(5), and wy (7).
Moreover, wy1(4) is greater than wg,;(6) if and only if £ < z. Therefore, wy; is maximized
in region (4) for fi = T + ¢ if £ < z. Otherwise, wy; is maximized in region (6) for any
fi € (z, dppz].

If £ > d,,, equations (), (19), (B5), and (B10) imply that

o 1(%12?;0_)3) if (1) f1 > dgoT

—(1—m0)(1—p) (& — 755) + 7255 — g2 i (2) fi € (dyoT, dyoT]

RL_&;O)%Q(E%ZZ Yy (1-mo)(1+(1—p)Z)pzy li (j) h i (:’ def]

wga =14 R? N :L A1 R?2(R—1) if (4) f1 € (dgz, 7] (B14)

E}—WO;E?ZZZ)Q(xgz R?fl) (L—m0)(L—p)Zpzy if (5) f1 € (d d

_(1—Wo)g2—p)2562 ’ ? B (l—ﬁjgﬁ:pl))ipgy 1 1 i o

——®m  tri - mR®E1 if (6) f1 € (z, dyz]

Q=S S 1) < 2

Note that w,; is decreasing in f; in regions (2) and (5). In the other regions, w,; is
independent of fi. w,1(3) is greater than wy;(1) and wy1(2). wy1(6) is greater than w,(3),
wy1(4), wy1(5), and w, 1 (7). Therefore, w, ; is maximized in region (6) for any f1 € (z, dp2x].

O]

Appendix C. Equilibrium for (1 —p)z < 0.5

When (1—p)Z < 0.5, the conclusions are essentially the same, except for two small differences.
First, the point z at which partial separation becomes preferred to full separation takes
a different expression. Second, in Proposition [3], the optimal amount of debt when the
collateral value falls in period 2 is lower than in Proposition [3] Therefore, if the collateral
value falls in period 3, only the bad borrowers default, so that borrower type is fully revealed.
If the collateral value rises instead, all borrowers repay their debt, so that private information
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is not revealed.

Proposition 2'. Suppose (1 —p)T < 0.5 and the volatility of collateral is intermediate. That

is, % < 2 < min{d, o, 2'}, where

8

z

,_ R (1 =p7)*y
R—1 RE-11-(-pz) (€2)

In period 1, all borrowers borrow Fy > X\T at an interest rate P, ' > R that satisfies

(1-(1—=m)p)F n (1- Wo)pXﬁ‘

P F, =
11 R R—1

(C3)

If the collateral value falls in period 2 (i.e., xo = x), only the bad borrowers default, so
that borrower type is fully revealed. Good borrowers repay maturing debt by borrowing

Rmax{O,Fl - XQ - Yé} S F2 S R‘/Q

If the collateral value rises in period 2 (i.e., x5 = T ), borrower type is fully revealed. Good
borrowers repay maturing debt by borrowing Fy = 0. Bad borrowers repay maturing debt by
borrowing 0 < Fy < RV,.

Proof. Lemma[9]below implies the equilibrium in period 1. Lemma[6]implies the equilibrium
if the collateral value falls in period 2. Lemma [5| implies the equilibrium if the collateral
value rises in period 2. O

Proposition 3'. Suppose (1 — p)T < 0.5 and the volatility of collateral is high. That is,
% > min{d, 2, 2'}. In period 1, all borrowers borrow X,z < Fy < RViz at the interest rate
Pt =R.

If the collateral value falls in period 2 (i.e., xo = x), borrower type is fully revealed. Good
borrowers repay maturing debt by borrowing

RmaX{O, F— X5 — Y’Q} < Fy < R(Fl — X2>
Bad borrowers repay maturing debt by borrowing
R(Fy — Xp) < Fy < RVa.

If the collateral value rises in period 2 (i.e., xo =T ), private information is not revealed.
All borrowers repay maturing debt by borrowing Fy > RVsx at an interest rate Py ' > R that
satisfies

(1 —(1—mo)p)Fy N (1-— WO)PXM.

P,F, =
202 R R—1

(C4)

Subsequently, if the collateral value falls in period 3 (i.e., x3 = x), only the bad borrowers
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default, so that borrower type is fully revealed. If the collateral value rises instead (i.e.,
x3 =T ), all borrowers repay their debt, so that private information is not revealed.

Proof. Lemma[9]below implies the equilibrium in period 1. Lemma[5]implies the equilibrium
if the collateral value falls in period 2. Lemmal[8|below implies the equilibrium if the collateral
value rises in period 2. Lemma [6] implies the equilibrium if the collateral value subsequently
falls in period 3. Lemma [4] implies the equilibrium if the collateral value rises instead in
period 3. O

Lemma 8'. Suppose (1 —p)T < 0.5 and £ > fl‘;—’;’. If fi < x9 in period 2, all borrowers

borrow fo = dy 3z + €2, for arbitrarily small 3 > 0, at an interest rate Py' < R that satisfies

(1-(1—=m)p)fo . (1- 7T1)P£‘

P p—
g2 - ) (©5)
The value of non-pledgable assets for good borrowers is
(1 —m)pey Yy (1—m)(1—p)Ty
Wo2 = R T R-1 R(R—1) (C6)

Proof. The proof essentially follows that for Lemma . The only difference is that wy(4) is
greater than wy2(2) when (1 — p)T < 0.5. Therefore, w, is maximized in region (4) when
fo = dp3x + 9. [

Lemma 9'. Suppose (1 —p)T < 0.5. If fo < x1 in period 1, all borrowers borrow

(Ea db,QE] Zfi S [17 db,Q)
field THe zfi € [dp2, min{d, -, 2'}) |
(£7 db,Zz] Zfﬁ Z min{dg,Qa Z,}

for arbitrarily small 1 > 0, at an interest rate P;* < R that satisfies

% Zfz c [1, dbg)
Py fy = Wlopnh y (omlet G2 ¢ (4, min{d,s, 2'}) (C7)
% if% > min{dy o, 2’}

Proof. The proof essentially follows that for Lemma [0
Lemmas 5] [6] and [ imply that

. lf f1 € (Z‘Q d 2%2]
— R—-1 » G,
Wg,2 = { wg,2(4) < % if f1 < Z9 ’ (08)

where w,2(4) denotes equation (CG6)).
If £ < %, wy 1 is given by equation (B11)) with w,2(2,3) replaced by wy2(4). Similarly,
if 2 ¢ [‘;Z—’i, dp2), Wy is given by equation (B12)) with w,2(2,3) replaced by w,2(4). In both

cases, W, is maximized in region (5) for any f; € (%, dy22].
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If £ € [dy2,dg2), equations . ([9). (B5), and (C8) imply that

~(1=m)(1=p) (% — 755) + 75 — sy i (2) fi € (daT, dyo7]
% — (}%;Zr]%)_pll)y if (3) fl S (dggg, db’Qf]
) - -mp (B - 2) RS if (4) f1 € (T, dy 2] c
Wg,1 = —(1— ) (f1_L) (C9)
0)P\r — 1 oo
_(1,%)%21,]0)%2 + % _ (1*7;)38%:191) Y if (5) f1€ (db,2£7 SL’]
— —D)T —T —p)? 72 :
_a 0)%21 p)TEr | - a 1%)8%7101)) y if (6) f1 € (z,dpox]
R R - = it (7) fi<e

Note that w,; is decreasing in f; in regions (2), (4) and (5). In the other regions, w,; is
independent of fi. Let w,(n) denote the maximized value of w,; in region (n). w,(3) is
greater than w, (1) and wy;1(2). w,1(6) is greater than w,1(3), wy1(5), and wy1(7). wy1(4)
is greater than wy(6) if and only £ < 2/, where 2’ is given by equation (C2). Therefore, w,
is maximized in region (4) for f; =7 + ¢ if £ < 2/. Otherwise, w,,; is maximized in region
(6) for any f1 € (z, dyz]. )

If £ > d,,, equations (§), (19), (B5)), and imply that

.

i 1;12?;3)% if (1) f1 > dgo7

—(1 = m)(1 =) (5 = 75) + s — G 0 (2) i € (T dyaT

7~ R if (3) f1 € (7, dy7]
1—m 1—p)xe 1—m z+(1—p)272 . —

R . IO U R,
W1 = —(1—m)p (£ — &)

X olp R~ R-1 X o

—(omlpCopiten 4 oy — Somenl oy it (5) f1 € (dyo, dy 1]
— T —n)T. -7 _ 252

-4 0)%21 pen you d 13)83—121)) ‘ if (6) f1 € (z, dp2]

| O+ - i (7) fi <2

Note that w,; is decreasing in f; in regions (2) and (5). In the other regions, w,; is
independent of fi. w,1(3) is greater than wy;(1) and wy1(2). wy1(6) is greater than w,(3),
wy1(4), wy1(5), and w, 1 (7). Therefore, w, ; is maximized in region (6) for any f1 € (z, dp2x].

O]
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